
 

  
Many students underestimate the step up from IGCSE to AS Level Mathematics. The 

course moves at a faster pace and requires a much deeper understanding of 

mathematical concepts. For this reason, it is important that students have a secure 

understanding of the key skills developed at IGCSE before beginning Year 12.  

Particular focus should be placed on algebraic skills, including expanding 

and factorising expressions, solving quadratic equations, and rearranging formulae. 

Students should also be confident with indices and surds, coordinate geometry, and 

basic trigonometry. These topics form the foundation of much of the AS Level course 

and will be used regularly throughout the year.  

As over 60% of the qualification consists of Pure Mathematics, a strong grasp of these 

core skills is essential. Students who begin Year 12 with confidence in these areas are 

much more likely to cope successfully with the demands of the course and make a 

positive start to their AS Level studies.   

To support a smooth and confident transition into Year 12, there is a programme of work 

designed to consolidate and strengthen the mathematical skills developed at IGCSE 

(found in the ‘practice worksheets’ folder). Completing this work thoroughly and 

independently over the coming weeks will provide an excellent platform from which to 

begin the AS Level course, allowing you to focus on new concepts rather than revisiting 

IGCSE content. The effort invested now will play a significant role in determining your 

success throughout AS and A Level Mathematics.  

Other useful resources: s 

https://alevelmathsrevision.com/bridging-the-gap/  

https://www.youtube.com/watch?v=UqF6m1UVuQM&list=PLCrPozyZlfWY57AEV1UWO

fVMphTD4px4U  

  

https://alevelmathsrevision.com/bridging-the-gap/
https://www.youtube.com/watch?v=UqF6m1UVuQM&list=PLCrPozyZlfWY57AEV1UWOfVMphTD4px4U
https://www.youtube.com/watch?v=UqF6m1UVuQM&list=PLCrPozyZlfWY57AEV1UWOfVMphTD4px4U
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Introduction 

This workbook is designed to support students in mastering key algebraic and mathematical 

concepts required for A-Level study. It provides clear explanations, step-by-step examples, and a 

wide range of practice exercises to reinforce understanding and build confidence. 

The topics covered include fundamental algebraic manipulation, surds, indices, quadratic equations, 

graphing techniques, and trigonometry. Each section begins with key principles, followed by worked 

examples and practice questions to ensure a thorough understanding of the topic. 

This resource aims to: 

¶ Strengthen core mathematical skills 

¶ Develop problem-solving techniques 

¶ Prepare students for A-Level examinations 

¶ Encourage independent learning and practice 

Students are encouraged to work through each section carefully and attempt all practice questions 

to gain maximum benefit. 
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9ȄǇŀƴŘƛƴƎ ōǊŀŎƪŜǘǎ  
ŀƴŘ ǎƛƳǇƭƛŦȅƛƴƎ ŜȄǇǊŜǎǎƛƻƴǎ 
 

 ! [9±9[ [LbY{ 

 {ŎƘŜƳŜ ƻŦ ǿƻǊƪΥ мŀΦ !ƭƎŜōǊŀƛŎ ŜȄǇǊŜǎǎƛƻƴǎ ς ōŀǎƛŎ ŀƭƎŜōǊŀƛŎ ƳŀƴƛǇǳƭŀǝƻƴΣ ƛƴŘƛŎŜǎ ŀƴŘ ǎǳǊŘǎ 
 

Key points 

¶ ²ƘŜƴ ȅƻǳ ŜȄǇŀƴŘ ƻƴŜ ǎŜǘ ƻŦ ōǊŀŎƪŜǘǎ ȅƻǳ Ƴǳǎǘ ƳǳƭǝǇƭȅ ŜǾŜǊȅǘƘƛƴƎ ƛƴǎƛŘŜ ǘƘŜ ōǊŀŎƪŜǘ ōȅ 
ǿƘŀǘ ƛǎ ƻǳǘǎƛŘŜΦ 

¶ ²ƘŜƴ ȅƻǳ ŜȄǇŀƴŘ ǘǿƻ ƭƛƴŜŀǊ ŜȄǇǊŜǎǎƛƻƴǎΣ ŜŀŎƘ ǿƛǘƘ ǘǿƻ ǘŜǊƳǎ ƻŦ ǘƘŜ ŦƻǊƳ ŀȄ Ҍ ōΣ ǿƘŜǊŜ 
ŀ ґ л ŀƴŘ ō ґ лΣ ȅƻǳ ŎǊŜŀǘŜ ŦƻǳǊ ǘŜǊƳǎΦ ¢ǿƻ ƻŦ ǘƘŜǎŜ Ŏŀƴ ǳǎǳŀƭƭȅ ōŜ ǎƛƳǇƭƛŬŜŘ ōȅ 
ŎƻƭƭŜŎǝƴƎ ƭƛƪŜ ǘŜǊƳǎΦ 

Examples 

Example 1 Expand 4(3x − 2) 



 

4(3x − 2) = 12x − 8 Multiply everything inside the bracket 

by the 4 outside the bracket 
 

Example 2 Expand and simplify 3(x + 5) − 4(2x + 3) 

3(x + 5) − 4(2x + 3) 

 = 3x + 15 − 8x – 12 

 

 = 3 − 5x 

1 Expand each set of brackets 

separately by multiplying (x + 5) by 

3 and (2x + 3) by −4 

2 Simplify by collecting like terms: 

3x − 8x = −5x and 15 − 12 = 3 
 

Example 3 Expand and simplify (x + 3)(x + 2) 

(x + 3)(x + 2) 

 = x(x + 2) + 3(x + 2) 

 = x2 + 2x + 3x + 6 

 = x2 + 5x + 6 

1 Expand the brackets by multiplying 

(x + 2) by x and (x + 2) by 3 

 

2 Simplify by collecting like terms: 

2x + 3x = 5x 

 

Example 4 Expand and simplify (x − 5)(2x + 3) 

(x − 5)(2x + 3) 

 = x(2x + 3) − 5(2x + 3) 

 = 2x2 + 3x − 10x − 15 

 = 2x2 − 7x − 15 

1 Expand the brackets by multiplying 

(2x + 3) by x and (2x + 3) by −5 

 

2 Simplify by collecting like terms: 

3x − 10x = −7x 

 

Practice 

1 Expand. 

 a 3(2x − 1) b −2(5pq + 4q2)  

 c −(3xy − 2y2) 

н 9ȄǇŀƴŘ ŀƴŘ ǎƛƳǇƭƛŦȅΦ 

 a 7(3x + 5) + 6(2x – 8) b 8(5p – 2) – 3(4p + 9) 

 c 9(3s + 1) –5(6s – 10) d 2(4x – 3) – (3x + 5) 

3 Expand. 

 a 3x(4x + 8) b 4k(5k2 – 12) 

 c –2h(6h2 + 11h – 5) d –3s(4s2 – 7s + 2) 

²ŀǘŎƘ ƻǳǘΗ 

²ƘŜƴ ƳǳƭǝǇƭȅƛƴƎ όƻǊ 

ŘƛǾƛŘƛƴƎύ ǇƻǎƛǝǾŜ ŀƴŘ 

ƴŜƎŀǝǾŜ ƴǳƳōŜǊǎΣ ƛŦ 

ǘƘŜ ǎƛƎƴǎ ŀǊŜ ǘƘŜ 

ǎŀƳŜ ǘƘŜ ŀƴǎǿŜǊ ƛǎ 

ΨҌΩΤ ƛŦ ǘƘŜ ǎƛƎƴǎ ŀǊŜ 

ŘƛũŜǊŜƴǘ ǘƘŜ ŀƴǎǿŜǊ 

ƛǎ ΨςΩΦ 



 

4 Expand and simplify. 

 a 3(y2 – 8) – 4(y2 – 5) b 2x(x + 5) + 3x(x – 7) 

 c 4p(2p – 1) – 3p(5p – 2) d 3b(4b – 3) – b(6b – 9) 

5  Expand 
1
2

(2y – 8) 

6 Expand and simplify. 

 a  13 – 2(m + 7) b 5p(p2 + 6p) – 9p(2p – 3) 

7 The diagram shows a rectangle. 

 Write down an expression, in terms of x, for the area of 

the rectangle. 

 Show that the area of the rectangle can be written as 

21x2 – 35x 

8 Expand and simplify. 

 a (x + 4)(x + 5) b (x + 7)(x + 3) 

 c (x + 7)(x – 2) d (x + 5)(x – 5) 

 e (2x + 3)(x – 1) f (3x – 2)(2x + 1) 

 g (5x – 3)(2x – 5) h (3x – 2)(7 + 4x) 

 i (3x + 4y)(5y + 6x) j  (x + 5)2   

 k (2x − 7)2 l (4x − 3y)2 

Extend 

9 Expand and simplify (x + 3)² + (x − 4)² 

10 Expand and simplify. 

 a 
1 2

x x
x x
+

å õå õ
æ öæ ö
ç ç

-
÷ ÷

  b 

2
1

x
x

å õ
æ ö
ç ÷
+   



 

Answers 

1 a 6x – 3 b –10pq – 8q2
  

 c –3xy + 2y2 

2 a 21x + 35 + 12x – 48 = 33x – 13  

 b 40p – 16 – 12p – 27 = 28p – 43 

 c 27s + 9 – 30s + 50 = –3s + 59 = 59 – 3s  

 d 8x – 6 – 3x – 5 = 5x – 11 

3 a 12x2 + 24x b 20k3 – 48k  

 c 10h – 12h3 – 22h2 d 21s2 – 21s3 – 6s 

4 a –y2 – 4 b 5x2 – 11x  

 c 2p – 7p2 d 6b2 

5 y – 4 

6 a –1 – 2m b 5p3 + 12p2 + 27p 

7 7x(3x – 5) = 21x2 – 35x 

8 a x2 + 9x + 20 b x2 + 10x + 21 

 c x2 + 5x – 14 d x2 – 25 

 e 2x2 + x – 3 f 6x2 – x – 2  

 g 10x2 – 31x + 15 h 12x2 + 13x – 14 

 i 18x2 + 39xy + 20y2 j  x2 + 10x + 25 

 k 4x2 − 28x + 49 l 16x2 − 24xy + 9y2 

9 2x2 − 2x + 25 

10 a 
2

2

2
1x

x
- -   b 

2

2 1
2x

x
+ +  

 

{ǳǊŘǎ ŀƴŘ ǊŀǘƛƻƴŀƭƛǎƛƴƎ ǘƘŜ ŘŜƴƻƳƛƴŀǘƻǊ 
 

 ! [9±9[ [LbY{ 

 {ŎƘŜƳŜ ƻŦ ǿƻǊƪΥ мŀΦ !ƭƎŜōǊŀƛŎ ŜȄǇǊŜǎǎƛƻƴǎ ς ōŀǎƛŎ ŀƭƎŜōǊŀƛŎ ƳŀƴƛǇǳƭŀǝƻƴΣ ƛƴŘƛŎŜǎ ŀƴŘ ǎǳǊŘǎ 
 



 

Key points 

¶ ! ǎǳǊŘ ƛǎ ǘƘŜ ǎǉǳŀǊŜ Ǌƻƻǘ ƻŦ ŀ ƴǳƳōŜǊ ǘƘŀǘ ƛǎ ƴƻǘ ŀ ǎǉǳŀǊŜ ƴǳƳōŜǊΣ  

ŦƻǊ ŜȄŀƳǇƭŜ 2, 3, 5,  ŜǘŎΦ 

¶ {ǳǊŘǎ Ŏŀƴ ōŜ ǳǎŜŘ ǘƻ ƎƛǾŜ ǘƘŜ ŜȄŀŎǘ ǾŀƭǳŜ ŦƻǊ ŀƴ ŀƴǎǿŜǊΦ 

¶ ab a b= ³   

¶ 
a a

b b
=  

¶ ¢ƻ ǊŀǝƻƴŀƭƛǎŜ ǘƘŜ ŘŜƴƻƳƛƴŀǘƻǊ ƳŜŀƴǎ ǘƻ ǊŜƳƻǾŜ ǘƘŜ ǎǳǊŘ ŦǊƻƳ ǘƘŜ ŘŜƴƻƳƛƴŀǘƻǊ ƻŦ ŀ 

ŦǊŀŎǝƻƴΦ 

¶ ¢ƻ ǊŀǝƻƴŀƭƛǎŜ
a

b
 ȅƻǳ ƳǳƭǝǇƭȅ ǘƘŜ ƴǳƳŜǊŀǘƻǊ ŀƴŘ ŘŜƴƻƳƛƴŀǘƻǊ ōȅ ǘƘŜ ǎǳǊŘ b  

¶ ¢ƻ ǊŀǝƻƴŀƭƛǎŜ 
a

b c+
 ȅƻǳ ƳǳƭǝǇƭȅ ǘƘŜ ƴǳƳŜǊŀǘƻǊ ŀƴŘ ŘŜƴƻƳƛƴŀǘƻǊ ōȅ b c-  

Examples 

Example 1 Simplify 50  

50 25 2= ³  

 

 

25 2

5 2

5 2

= ³

= ³

=

 

 

1  Choose two numbers that are 

factors of 50. One of the factors 

must be a square number 

2 Use the rule ab a b= ³  

3 Use 25 5=  

 

Example 2 Simplify 147 2 12-  

147 2 12

49 3 2 4 3

-

= ³ - ³
 

 

 

 

49 3 2 4 3= ³ - ³ 

7 3 2 2 3= ³ - ³ ³ 

7 3 4 3= -  

3 3=  

1 Simplify 147  and 2 12 . Choose 

two numbers that are factors of 147 

and two numbers that are factors of 

12. One of each pair of factors must 

be a square number 

2 Use the rule ab a b= ³  

3 Use 49 7=  and 4 2=  

 

4 Collect like terms 

 

 



 

Example 3 Simplify ( )( )7 2 7 2+ -  

( )( )7 2 7 2+ -  

= 49 7 2 2 7 4- + -  

 

= 7 – 2 

= 5 

 

1  Expand the brackets. A common 

mistake here is to write ( )
2

7 49=  

 

2 Collect like terms: 

7 2 2 7

         7 2 7 2 0

- +

=- + =
 

 
 

 

Example 4 Rationalise 
1

3
 

1

3
 = 

1 3

3 3
³  

 

       =
1 3

9

³
 

 

       = 
3

3
 

1 Multiply the numerator and 

denominator by 3  

2 Use 9 3=  

 

Example 5 Rationalise and simplify 
2

12

 

2

12
 = 

2 12

12 12
³  

 

       = 
2 4 3

12

³ ³
 

 

 

 

 

       = 
2 2 3

12
 

 

       = 
2 3

6
 

1 Multiply the numerator and 

denominator by 12  

 

2 Simplify 12  in the numerator. 

Choose two numbers that are factors 

of 12. One of the factors must be a 

square number 

 

3 Use the rule ab a b= ³  

4 Use 4 2=  

5 Simplify the fraction: 

2

12
 simplifies to 

1

6
 



 

 

  



 

Example 6 Rationalise and simplify 
3

2 5+

 

3

2 5+
 = 

3 2 5

2 5 2 5

-
³

+ -
 

= 
( )

( )( )
3 2 5

2 5 2 5

-

+ -
 

= 
6 3 5

4 2 5 2 5 5

-

+ - -
 

= 
6 3 5

1

-

-
 

= 3 5 6-  

1 Multiply the numerator and 

denominator by 2 5-  

 

 

 

2 Expand the brackets 

 

 

 

3 Simplify the fraction 

 

 

 

4 Divide the numerator by −1 

      Remember to change the sign of all 

terms when dividing by −1 

 

Practice 

1 Simplify. 

 a 45   b 125    

 c 48   d 175   

 e 300   f 28    

 g 72   h 162   

 

2 Simplify. 

 a +72 162   b -45 2 5    

 c -50 8   d -75 48    

 e +2 28 28   f - +2 12 12 27     

 

3 Expand and simplify. 

Iƛƴǘ 

hƴŜ ƻŦ ǘƘŜ ǘǿƻ 

ƴǳƳōŜǊǎ ȅƻǳ 

ŎƘƻƻǎŜ ŀǘ ǘƘŜ 

ǎǘŀǊǘ Ƴǳǎǘ ōŜ ŀ 

ǎǉǳŀǊŜ ƴǳƳōŜǊΦ 

²ŀǘŎƘ ƻǳǘΗ 

/ƘŜŎƪ ȅƻǳ ƘŀǾŜ 

ŎƘƻǎŜƴ ǘƘŜ 

ƘƛƎƘŜǎǘ ǎǉǳŀǊŜ 

ƴǳƳōŜǊ ŀǘ ǘƘŜ 

ǎǘŀǊǘΦ 



 

 a + -( 2 3)( 2 3)   b + -(3 3)(5 12)    

 c - +(4 5)( 45 2)   d + -(5 2)(6 8)    

 

4 Rationalise and simplify, if possible. 

 a 
1

5
  b 

1

11
   

 c 
2

7
  d 

2

8
  

 e 
2

2
  f 

5

5
   

 g 
8

24
  h 

5

45
  

5 Rationalise and simplify. 

 a 
-

1

3 5
 b 

+

2

4 3
  c 

-

6

5 2
 

 

 

Extend 

6 Expand and simplify ( )( )x y x y+ -  

7 Rationalise and simplify, if possible. 

 a 
1

9 8-
 b 

1

x y-
 

 

  



 

Answers 

1 a 3 5   b 5 5    

 c 4 3   d 5 7   

 e 10 3   f 2 7   

 g 6 2   h 9 2   

2 a 15 2   b 5   

 c 3 2   d 3   

 e 6 7   f 5 3     

3 a −1 b -9 3  

  c -10 5 7   d 26 4 2-    

4 a 
5

5
  b 

11

11
  

 c 
2 7

7
  d 

2

2
  

 e 2   f 5    

 g 
3

3
  h 

1

3
  

5 a 
+3 5

4
 b 

-2(4 3)

13
  c 

+6(5 2)

23
  

6 x − y 

7 a 3 2 2+  b 
+

-

x y

x y
 

 

wǳƭŜǎ ƻŦ ƛƴŘƛŎŜǎ 
 

 ! [9±9[ [LbY{ 

 {ŎƘŜƳŜ ƻŦ ǿƻǊƪΥ мŀΦ !ƭƎŜōǊŀƛŎ ŜȄǇǊŜǎǎƛƻƴǎ ς ōŀǎƛŎ ŀƭƎŜōǊŀƛŎ ƳŀƴƛǇǳƭŀǝƻƴΣ ƛƴŘƛŎŜǎ ŀƴŘ ǎǳǊŘǎ 
 

Key points 



 

¶ ŀƳ Ҏ ŀƴ Ґ ŀƳ Ҍ ƴ 

¶ 
m

m n

n

a
a

a

-=   

¶ όŀƳύƴ Ґ ŀƳƴ 

¶ ŀл Ґ м 

¶ 
1

nna a=  ƛΦŜΦ ǘƘŜ ƴǘƘ Ǌƻƻǘ ƻŦ ŀ 

¶ ( )
m

m
n m nna a a= =  

¶ 
1m

m
a

a

- =   

¶ ¢ƘŜ ǎǉǳŀǊŜ Ǌƻƻǘ ƻŦ ŀ ƴǳƳōŜǊ ǇǊƻŘǳŎŜǎ ǘǿƻ ǎƻƭǳǝƻƴǎΣ ŜΦƎΦ 16 4=°Φ 

Examples 

Example 1 Evaluate 100 

100 = 1 Any value raised to the power of zero is 

equal to 1 

Example 2 Evaluate 

1

29  

1

29 9=  

 = 3 

Use the rule 

1

nna a=  

Example 3 Evaluate 

2

327  

( )
2

2
3327 27=

 

 = 
23  

 = 9 

1 Use the rule ( )
m

m
nna a=  

2 Use 
3 27 3=  

 
 

 

 

  



 

Example 4 Evaluate 
24-  

2

2

1
4

4

- =
 

 
1

16
=  

1 Use the rule 
1m

m
a

a

- =  

2 Use 
24 16=  

Example 5 Simplify 

5

2

6

2

x

x
 

5

2

6

2

x

x
 = 3x3 6 ÷ 2 = 3 and use the rule 

m
m n

n

a
a

a

-=  to 

give 
5

5 2 3

2

x
x x

x

-= =  

 

Example 6 Simplify 
3 5

4

x x

x

³
 

3 5 3 5 8

4 4 4

x x x x

x x x

+³
= =  

 

 = x8 − 4 = x4 

1 Use the rule m n m na a a +³ =  

 

2 Use the rule 
m

m n

n

a
a

a

-=  

Example 7 Write 
1

3x
 as a single power of x 

11 1

3 3
x

x

-=  Use the rule 
1 m

m
a

a

-= , note that the 

fraction 
1

3
 remains unchanged 

Example 8 Write 
4

x
 as a single power of x 

1
2

1

2

4 4

      4

x x

x
-

=

=

 
1 Use the rule 

1

nna a=  

2 Use the rule 
1 m

m
a

a

-=  

 



 

 

  



 

Practice 

1 Evaluate. 

 a 140 b 30 c 50 d x0 

2 Evaluate. 

 a 

1

249   b 

1

364  c 

1

3125  d 

1

416  

3 Evaluate. 

 a 

3

225  b 

5

38  c 

3

249  d 

3

416  

4 Evaluate. 

 a 5–2 b 4–3 c 2–5 d 6–2 

5 Simplify. 

 a 
2 3

2

3

2

x x

x

³
  b 

5

2

10

2

x

x x³
  

 c 
3

3

3 2

2

x x

x

³
 d 

3 2

5

7

14

x y

x y
 

 e 
1
2

2y

y y³
 f 

1
2

3
22

c

c c³
 

 g 
( )

3
2

0

2

4

x

x
 h 

31
2 2

2 3

x x

x x-

³

³
 

6 Evaluate. 

 a 

1

24
-

 b 

2

327
-

 c 

1
329 2

-

³  

 d 

1
3416 2-³  e 

1

29

16

-
å õ
æ ö
ç ÷

 f 

2

327

64

-
å õ
æ ö
ç ÷

 

7 Write the following as a single power of x. 

 a 
1

x
  b 

7

1

x
 c 4 x  

²ŀǘŎƘ ƻǳǘΗ 

wŜƳŜƳōŜǊ ǘƘŀǘ 

ŀƴȅ ǾŀƭǳŜ ǊŀƛǎŜŘ 

ǘƻ ǘƘŜ ǇƻǿŜǊ ƻŦ 

ȊŜǊƻ ƛǎ мΦ ¢Ƙƛǎ ƛǎ 

ǘƘŜ ǊǳƭŜ ŀл Ґ мΦ 



 

 d 
5 2x  e 

3

1

x
 f 

3 2

1

x
 

  



 

8 Write the following without negative or fractional powers. 

 a 3x-  b x0 c 

1

5x  

 d 

2

5x  e 

1

2x
-

 f 

3

4x
-

 

9 Write the following in the form axn. 

 a 5 x  b 
3

2

x
 c 

4

1

3x
 

 d 
2

x
 e 

3

4

x
 f 3 

 

Extend 

10 Write as sums of powers of x. 

 a 
5

2

1x

x

+
 b 

2 1
x x

x

å õ
+æ ö

ç ÷
 c 

4 2

3

1
x x

x

-å õ
+æ ö

ç ÷
 

  



 

Answers 

1 a 1 b 1 c 1 d 1 

2 a 7 b 4 c 5 d 2 

3 a 125 b 32 c 343 d 8 

4 a 
1

25
 b 

1

64
 c 

1

32
  d 

1

36
 

5 a 
33

2

x
 b 5x2  

 c 3x d 
22

y

x
 

 e 

1

2y  f c–3  

 g 2x6 h x 

6 a 
1

2
 b 

1

9
 c 

8

3
 

 d 
1

4
 e 

4

3
 f 

16

9
 

7 a x–1 b x–7 c 

1

4x  

 d 

2

5x  e 

1

3x
-

 f 

2

3x
-

 

8 a 
3

1

x
 b 1 c 5 x  

 d 
5 2x  e 

1

x
 f 

4 3

1

x
 

9 a 

1

25x  b 2x–3 c 41

3
x-  

 d 

1

22x
-

 e 

1

34x
-

 f 3x0 

10 a 3 2x x-+  b 3x x+  c 2 7x x- -+  



 

CŀŎǘƻǊƛǎƛƴƎ ŜȄǇǊŜǎǎƛƻƴǎ 
 

 ! [9±9[ [LbY{ 

 {ŎƘŜƳŜ ƻŦ ǿƻǊƪΥ мōΦ vǳŀŘǊŀǝŎ ŦǳƴŎǝƻƴǎ ς ŦŀŎǘƻǊƛǎƛƴƎΣ ǎƻƭǾƛƴƎΣ ƎǊŀǇƘǎ ŀƴŘ ǘƘŜ ŘƛǎŎǊƛƳƛƴŀƴǘǎ 
 

Key points 

¶ CŀŎǘƻǊƛǎƛƴƎ ŀƴ ŜȄǇǊŜǎǎƛƻƴ ƛǎ ǘƘŜ ƻǇǇƻǎƛǘŜ ƻŦ ŜȄǇŀƴŘƛƴƎ ǘƘŜ ōǊŀŎƪŜǘǎΦ 

¶ ! ǉǳŀŘǊŀǝŎ ŜȄǇǊŜǎǎƛƻƴ ƛǎ ƛƴ ǘƘŜ ŦƻǊƳ ŀȄн Ҍ ōȄ Ҍ ŎΣ ǿƘŜǊŜ ŀ ґ лΦ 

¶ ¢ƻ ŦŀŎǘƻǊƛǎŜ ŀ ǉǳŀŘǊŀǝŎ Ŝǉǳŀǝƻƴ ŬƴŘ ǘǿƻ ƴǳƳōŜǊǎ ǿƘƻǎŜ ǎǳƳ ƛǎ ō ŀƴŘ ǿƘƻǎŜ ǇǊƻŘǳŎǘ 

ƛǎ ŀŎΦ 

¶ !ƴ ŜȄǇǊŜǎǎƛƻƴ ƛƴ ǘƘŜ ŦƻǊƳ Ȅн ς ȅн ƛǎ ŎŀƭƭŜŘ ǘƘŜ ŘƛũŜǊŜƴŎŜ ƻŦ ǘǿƻ ǎǉǳŀǊŜǎΦ Lǘ ŦŀŎǘƻǊƛǎŜǎ ǘƻ 

όȄ ς ȅύόȄ Ҍ ȅύΦ 

 

Examples 

Example 1 Factorise 15x2y3 + 9x4y 

15x2y3 + 9x4y = 3x2y(5y2 + 3x2) The highest common factor is 3x2y. 

So take 3x2y outside the brackets and 

then divide each term by 3x2y to find 

the terms in the brackets 

 

Example 2 Factorise 4x2 – 25y2 

4x2 – 25y2  = (2x + 5y)(2x − 5y) This is the difference of two squares as 

the two terms can be written as 

(2x)2 and (5y)2 

 

Example 3 Factorise x2 + 3x – 10 

b = 3, ac = −10 

 

 

So x2 + 3x – 10 = x2 + 5x – 2x – 10 

 

 = x(x + 5) – 2(x + 5) 

 

 = (x + 5)(x – 2) 

1 Work out the two factors of 

ac = −10 which add to give b = 3  

(5 and −2) 

2 Rewrite the b term (3x) using these 

two factors 

3 Factorise the first two terms and the 

last two terms 

4 (x + 5) is a factor of both terms 



 

 

  



 

 

Example 4 Factorise 6x2 − 11x − 10 

b = −11, ac = −60 

 

So  

6x2 − 11x – 10 = 6x2 − 15x + 4x – 10 

 

 = 3x(2x − 5) + 2(2x − 5) 

 

 = (2x – 5)(3x + 2) 

1 Work out the two factors of 

ac = −60 which add to give b = −11 

(−15 and 4) 

2 Rewrite the b term (−11x) using 

these two factors 

3 Factorise the first two terms and the 

last two terms 

4 (2x − 5) is a factor of both terms 

 

Example 5 Simplify 

2

2

4 21

2 9 9

x x

x x

- -

+ +
 

2

2

4 21

2 9 9

x x

x x

- -

+ +
 

 

For the numerator: 

b = −4, ac = −21 

 

So 

x2 − 4x – 21 = x2 − 7x + 3x – 21 

 

 = x(x − 7) + 3(x − 7) 

 

 = (x – 7)(x + 3) 

 

For the denominator: 

b = 9, ac = 18 

 

So  

2x2 + 9x + 9 = 2x2 + 6x + 3x + 9 

 

 = 2x(x + 3) + 3(x + 3) 

 

 = (x + 3)(2x + 3) 

So  
2

2

4 21 ( 7)( 3)

( 3)(2 3)2 9 9

x x x x

x xx x

- - - +
=
+ ++ +

 

 = 
7

2 3

x

x

-

+
 

1 Factorise the numerator and the 

denominator 

 

 

2 Work out the two factors of 

ac = −21 which add to give b = −4 

(−7 and 3) 

3 Rewrite the b term (−4x) using these 

two factors 

4 Factorise the first two terms and the 

last two terms 

5 (x − 7) is a factor of both terms 

 

6 Work out the two factors of  

ac = 18 which add to give b = 9  

(6 and 3) 

 

7 Rewrite the b term (9x) using these 

two factors 

8 Factorise the first two terms and the 

last two terms 

9 (x + 3) is a factor of both terms 

 

10 (x + 3) is a factor of both the 

numerator and denominator so 

cancels out as a value divided by 

itself is 1 



 

 

  



 

Practice 

1 Factorise. 

 a 6x4y3 – 10x3y4 b 21a3b5 + 35a5b2 

 c 25x2y2 – 10x3y2 + 15x2y3 

2 Factorise 

 a x2 + 7x + 12 b x2 + 5x – 14 

 c x2 – 11x + 30 d x2 – 5x – 24 

 e x2 – 7x – 18 f x2 + x –20 

 g x2 – 3x – 40 h x2 + 3x – 28 

3 Factorise 

 a 36x2 – 49y2 b 4x2 – 81y2   

 c 18a2 – 200b2c2 

4 Factorise 

 a 2x2 + x –3 b 6x2 + 17x + 5 

 c 2x2 + 7x + 3 d 9x2 – 15x + 4 

 e 10x2 + 21x + 9  f 12x2 – 38x + 20 

5 Simplify the algebraic fractions. 

 a 
2

2

2 4x x

x x

+

-
  b 

2

2

3

2 3

x x

x x

+

+ -
 

 c 
2

2

2 8

4

x x

x x

- -

-
 d 

2

2

5

25

x x

x

-

-
 

 e 
2

2

12

4

x x

x x

- -

-
 f 

2

2

2 14

2 4 70

x x

x x

+

+ -
 

6 Simplify 

 a 
2

2

9 16

3 17 28

x

x x

-

+ -
 b 

2

2

2 7 15

3 17 10

x x

x x

- -

- +
 

 c 
2

2

4 25

10 11 6

x

x x

-

- -
 d 

2

2

6 1

2 7 4

x x

x x

- -

+ -
 

Extend 

7 Simplify 
2 10 25x x+ +  

Iƛƴǘ 

¢ŀƪŜ ǘƘŜ ƘƛƎƘŜǎǘ 

ŎƻƳƳƻƴ ŦŀŎǘƻǊ 

ƻǳǘǎƛŘŜ ǘƘŜ 

ōǊŀŎƪŜǘΦ 



 

8 Simplify 
2 2

2

( 2) 3( 2)

4

x x

x

+ + +

-
  



 

Answers 

1 a 2x3y3(3x – 5y) b 7a3b2(3b3 + 5a2) 

 c 5x2y2(5 – 2x + 3y) 

2 a (x + 3)(x + 4) b (x + 7)(x – 2) 

 c (x – 5)(x – 6) d (x – 8)(x + 3) 

 e (x – 9)(x + 2) f (x + 5)(x – 4) 

 g (x – 8)(x + 5) h (x + 7)(x – 4) 

3 a (6x – 7y)(6x + 7y) b (2x – 9y)(2x + 9y) 

 c 2(3a – 10bc)(3a + 10bc) 

4 a (x – 1)(2x + 3) b (3x + 1)(2x + 5) 

 c (2x + 1)(x + 3) d (3x – 1)(3x – 4) 

 e (5x + 3)(2x +3)  f 2(3x – 2)(2x –5) 

5 a 
2( 2)

1

x

x

+

-
  b 

1

x

x-
 

 c 
2x

x

+
 d 

5

x

x+
 

 e 
3x

x

+
 f 

5

x

x-
 

6 a 
3 4

7

x

x

+

+
 b 

2 3

3 2

x

x

+

-
 

 c 
2 5

2 3

x

x

-

-
 d 

3 1

4

x

x

+

+
 

7 (x + 5) 

8 
4( 2)

2

x

x

+

-
  

 

/ƻƳǇƭŜǘƛƴƎ ǘƘŜ ǎǉǳŀǊŜ 
 

 ! [9±9[ [LbY{ 

 {ŎƘŜƳŜ ƻŦ ǿƻǊƪΥ мōΦ vǳŀŘǊŀǝŎ ŦǳƴŎǝƻƴǎ ς ŦŀŎǘƻǊƛǎƛƴƎΣ ǎƻƭǾƛƴƎΣ ƎǊŀǇƘǎ ŀƴŘ ǘƘŜ ŘƛǎŎǊƛƳƛƴŀƴǘǎ 
 



 

Key points 

¶ /ƻƳǇƭŜǝƴƎ ǘƘŜ ǎǉǳŀǊŜ ŦƻǊ ŀ ǉǳŀŘǊŀǝŎ ǊŜŀǊǊŀƴƎŜǎ ŀȄн Ҍ ōȄ Ҍ Ŏ ƛƴǘƻ ǘƘŜ ŦƻǊƳ ǇόȄ Ҍ ǉύн Ҍ Ǌ  

¶ LŦ ŀ ґ мΣ ǘƘŜƴ ŦŀŎǘƻǊƛǎŜ ǳǎƛƴƎ ŀ ŀǎ ŀ ŎƻƳƳƻƴ ŦŀŎǘƻǊΦ 

 

Examples 

Example 1 Complete the square for the quadratic expression x2 + 6x − 2 

x2 + 6x − 2 

 

= (x + 3)2 − 9 − 2 

 

= (x + 3)2 − 11 

1 Write x2 + bx + c in the form 
2 2

2 2

b b
x c
å õ å õ
+ - +æ ö æ ö

ç ÷ ç ÷
 

2 Simplify 

 

Example 2 Write 2x2 − 5x + 1 in the form p(x + q)2 + r 

2x2 − 5x + 1 

 

 

 

= 2 5
2 1

2
x x
å õ
- +æ ö

ç ÷
 

 

= 

2 2
5 5

2 1
4 4

x
è øå õ å õ
- - +é ùæ ö æ ö

ç ÷ ç ÷é ùê ú

 

 

= 

2
5 25

2 1
4 8

x
å õ
- - +æ ö

ç ÷
 

 

 

 

= 

2
5 17

2
4 8

x
å õ
- -æ ö

ç ÷
 

1 Before completing the square write 

ax2 + bx + c in the form 

2 b
a x x c

a

å õ
+ +æ ö

ç ÷
 

2 Now complete the square by writing 

2 5

2
x x-  in the form 

2 2

2 2

b b
x
å õ å õ
+ -æ ö æ ö

ç ÷ ç ÷
 

 

3 Expand the square brackets – don’t 

forget to multiply 

2
5

4

å õ
æ ö
ç ÷

by the 

factor of 2 

4 Simplify 

  



 

Practice 

1 Write the following quadratic expressions in the form (x + p)2 + q 

 a x2 + 4x + 3 b x2 – 10x – 3 

 c x2 – 8x d x2 + 6x 

 e x2 – 2x + 7 f x2 + 3x – 2 

2 Write the following quadratic expressions in the form p(x + q)2 + r 

 a 2x2 – 8x – 16 b 4x2 – 8x – 16 

 c 3x2 + 12x – 9 d 2x2 + 6x – 8 

3 Complete the square. 

 a 2x2 + 3x + 6 b 3x2 – 2x 

 c 5x2 + 3x d 3x2 + 5x + 3 

 

Extend 

4 Write (25x2 + 30x + 12) in the form (ax + b)2 + c. 

  



 

Answers 

1 a (x + 2)2 – 1 b (x – 5)2 – 28 

 c (x – 4)2 – 16 d (x + 3)2 – 9 

 e (x – 1)2 + 6 f 

2
3 17

2 4
x
å õ
+ -æ ö

ç ÷
  

2 a 2(x – 2)2 – 24 b 4(x – 1)2 – 20 

 c 3(x + 2)2 – 21 d 

2
3 25

2
2 2

x
å õ
+ -æ ö

ç ÷
 

3 a 

2
3 39

2
4 8

x
å õ
+ +æ ö

ç ÷
 b 

2
1 1

3
3 3

x
å õ
- -æ ö

ç ÷
 

 c 

2
3 9

5
10 20

x
å õ
+ -æ ö

ç ÷
 d 

2
5 11

3
6 12

x
å õ
+ +æ ö

ç ÷
 

4 (5x + 3)2 + 3 

{ƻƭǾƛƴƎ ǉǳŀŘǊŀǘƛŎ Ŝǉǳŀǘƛƻƴǎ ōȅ ŦŀŎǘƻǊƛǎŀǘƛƻƴ 
 

 ! [9±9[ [LbY{ 

 {ŎƘŜƳŜ ƻŦ ǿƻǊƪΥ мōΦ vǳŀŘǊŀǝŎ ŦǳƴŎǝƻƴǎ ς ŦŀŎǘƻǊƛǎƛƴƎΣ ǎƻƭǾƛƴƎΣ ƎǊŀǇƘǎ ŀƴŘ ǘƘŜ ŘƛǎŎǊƛƳƛƴŀƴǘǎ  
 

Key points 

¶ ! ǉǳŀŘǊŀǝŎ Ŝǉǳŀǝƻƴ ƛǎ ŀƴ Ŝǉǳŀǝƻƴ ƛƴ ǘƘŜ ŦƻǊƳ ŀȄн Ҍ ōȄ Ҍ Ŏ Ґ л ǿƘŜǊŜ ŀ ґ лΦ 

¶ ¢ƻ ŦŀŎǘƻǊƛǎŜ ŀ ǉǳŀŘǊŀǝŎ Ŝǉǳŀǝƻƴ ŬƴŘ ǘǿƻ ƴǳƳōŜǊǎ ǿƘƻǎŜ ǎǳƳ ƛǎ ōŀƴŘ ǿƘƻǎŜ ǇǊƻŘǳŎǘǎ 

ƛǎ ŀŎΦ 

¶ ²ƘŜƴ ǘƘŜ ǇǊƻŘǳŎǘ ƻŦ ǘǿƻ ƴǳƳōŜǊǎ ƛǎ лΣ ǘƘŜƴ ŀǘ ƭŜŀǎǘ ƻƴŜ ƻŦ ǘƘŜ ƴǳƳōŜǊǎ Ƴǳǎǘ ōŜ лΦ 

¶ LŦ ŀ ǉǳŀŘǊŀǝŎ Ŏŀƴ ōŜ ǎƻƭǾŜŘ ƛǘ ǿƛƭƭ ƘŀǾŜ ǘǿƻ ǎƻƭǳǝƻƴǎ όǘƘŜǎŜ Ƴŀȅ ōŜ ŜǉǳŀƭύΦ 

Examples 

Example 1 Solve 5x2 = 15x 



 

5x2 = 15x 

 

5x2 − 15x = 0 

 

 

5x(x − 3) = 0 

 

So 5x = 0 or (x − 3) = 0 

 

 

Therefore x = 0 or x = 3 

1 Rearrange the equation so that all of 

the terms are on one side of the 

equation and it is equal to zero.  

Do not divide both sides by x as this 

would lose the solution x = 0. 

2 Factorise the quadratic equation.  

5x is a common factor. 

3 When two values multiply to make 

zero, at least one of the values must 

be zero. 

4 Solve these two equations. 

Example 2 Solve x2 + 7x + 12 = 0 

x2 + 7x + 12 = 0 

 

b = 7, ac = 12 

 

x2 + 4x + 3x + 12 = 0 

 

x(x + 4) + 3(x + 4) = 0 

 

(x + 4)(x + 3) = 0 

So (x + 4) = 0 or (x + 3) = 0 

 

 

Therefore x = −4 or x = −3 

1 Factorise the quadratic equation. 

Work out the two factors of ac = 12 

which add to give you b = 7.  

(4 and 3) 

2 Rewrite the b term (7x) using these 

two factors. 

3 Factorise the first two terms and the 

last two terms. 

4 (x + 4) is a factor of both terms. 

5 When two values multiply to make 

zero, at least one of the values must 

be zero.  

6 Solve these two equations. 

 

  



 

Example 3 Solve 9x2 − 16 = 0 

9x2 − 16 = 0 

(3x + 4)(3x – 4) = 0 

 

So (3x + 4) = 0 or (3x – 4) = 0 

 

4

3
x=- or 

4

3
x=  

1 Factorise the quadratic equation. 

This is the difference of two squares 

as the two terms are (3x)2 and (4)2. 

2 When two values multiply to make 

zero, at least one of the values must 

be zero. 

3 Solve these two equations. 

Example 4 Solve 2x2 − 5x − 12 = 0 

b = −5, ac = −24 

 

 

 

So 2x2 − 8x + 3x – 12 = 0 

 

2x(x − 4) + 3(x − 4) = 0 

 

(x – 4)(2x + 3) = 0 

So (x – 4) = 0 or (2x +3) = 0 

 

4x=  or 
3

2
x=- 

1 Factorise the quadratic equation. 

Work out the two factors of ac = −24 

which add to give you b = −5.  

(−8 and 3) 

2 Rewrite the b term (−5x) using these 

two factors. 

3 Factorise the first two terms and the 

last two terms. 

4 (x − 4) is a factor of both terms. 

5 When two values multiply to make 

zero, at least one of the values must 

be zero.  

6 Solve these two equations. 

Practice 

1 Solve 

 a 6x2 + 4x = 0 b 28x2 – 21x = 0 

 c x2 + 7x + 10 = 0 d x2 – 5x + 6 = 0 

 e x2 – 3x – 4 = 0 f x2 + 3x – 10 = 0 

 g x2 – 10x + 24 = 0 h x2 – 36 = 0 

 i x2 + 3x – 28 = 0 j  x2 – 6x + 9 = 0 

 k 2x2 – 7x – 4 = 0 l 3x2 – 13x – 10 = 0 

2 Solve 

 a x2 – 3x = 10 b x2 – 3 = 2x 

 c x2 + 5x = 24 d x2 – 42 = x 

 e x(x + 2) = 2x + 25 f x2 – 30 = 3x – 2 

 g x(3x + 1) = x2 + 15 h 3x(x – 1) = 2(x + 1) 

 

  

Iƛƴǘ 

DŜǘ ŀƭƭ ǘŜǊƳǎ 

ƻƴǘƻ ƻƴŜ ǎƛŘŜ 

ƻŦ ǘƘŜ 

ŜǉǳŀǝƻƴΦ 



 

{ƻƭǾƛƴƎ ǉǳŀŘǊŀǘƛŎ Ŝǉǳŀǘƛƻƴǎ ōȅ ŎƻƳǇƭŜǘƛƴƎ ǘƘŜ 
ǎǉǳŀǊŜ 
 

 ! [9±9[ [LbY{ 

 {ŎƘŜƳŜ ƻŦ ǿƻǊƪΥ мōΦ vǳŀŘǊŀǝŎ ŦǳƴŎǝƻƴǎ ς ŦŀŎǘƻǊƛǎƛƴƎΣ ǎƻƭǾƛƴƎΣ ƎǊŀǇƘǎ ŀƴŘ ǘƘŜ ŘƛǎŎǊƛƳƛƴŀƴǘǎ  
 

Key points 

¶ /ƻƳǇƭŜǝƴƎ ǘƘŜ ǎǉǳŀǊŜ ƭŜǘǎ ȅƻǳ ǿǊƛǘŜ ŀ ǉǳŀŘǊŀǝŎ Ŝǉǳŀǝƻƴ ƛƴ ǘƘŜ ŦƻǊƳ ǇόȄ Ҍ ǉύн Ҍ Ǌ Ґ лΦ 

Examples 

Example 5 Solve x2 + 6x + 4 = 0. Give your solutions in surd form. 

x2 + 6x + 4 = 0 

 

(x + 3)2 − 9 + 4 = 0 
 

(x + 3)2 − 5 = 0 

(x + 3)2 = 5 

 

x + 3 = 5°  

 

x = 5 3° - 

 

So x = 5 3- - or x = 5 3-  

1 Write x2 + bx + c = 0 in the form 
2 2

0
2 2

b b
x c
å õ å õ
+ - + =æ ö æ ö

ç ÷ ç ÷
 

2 Simplify. 

3 Rearrange the equation to work out 

x. First, add 5 to both sides. 

4 Square root both sides.  

Remember that the square root of a 

value gives two answers. 

5 Subtract 3 from both sides to solve 

the equation.  

6 Write down both solutions. 

Example 6 Solve 2x2 − 7x + 4 = 0. Give your solutions in surd form. 

2x2 − 7x + 4 = 0 

 

2 7
2 4

2
x x
å õ
- +æ ö

ç ÷
 = 0 

 

2 2
7 7

2 4
4 4

x
è øå õ å õ
- - +é ùæ ö æ ö

ç ÷ ç ÷é ùê ú

 = 0 

 

 

 

 
2

7 49
2 4

4 8
x
å õ
- - +æ ö

ç ÷
 = 0 

1 Before completing the square write 

ax2 + bx + c in the form 

2 b
a x x c

a

å õ
+ +æ ö

ç ÷
 

 

2 Now complete the square by writing 

2 7

2
x x-  in the form 

2 2

2 2

b b
x

a a

å õ å õ
+ -æ ö æ ö

ç ÷ ç ÷
 

 

3 Expand the square brackets. 
 



 

2
7 17

2
4 8

x
å õ
- -æ ö

ç ÷
 = 0 

 

2
7 17

2
4 8

x
å õ
- =æ ö

ç ÷
 

 
2

7 17

4 16
x
å õ
- =æ ö

ç ÷
 

7 17

4 4
x- =°  

17 7

4 4
x=° + 

So 
7 17

4 4
x= -  or 

7 17

4 4
x= +  

 

4 Simplify. 

 

(continued on next page) 

5 Rearrange the equation to work out 

x. First, add 
17

8
 to both sides. 

 

6 Divide both sides by 2. 
 

 

7 Square root both sides. Remember 

that the square root of a value gives 

two answers. 

8 Add 
7

4
 to both sides. 

 

9 Write down both the solutions. 

 

Practice 

3 Solve by completing the square. 

 a x2 – 4x – 3 = 0 b x2 – 10x + 4 = 0 

 c x2 + 8x – 5 = 0 d x2 – 2x – 6 = 0 

 e 2x2 + 8x – 5 = 0 f 5x2 + 3x – 4 = 0 

4 Solve by completing the square. 

 a (x – 4)(x + 2) = 5 

 b 2x2 + 6x – 7 = 0 

 c x2 – 5x + 3 = 0 

  

Iƛƴǘ 

DŜǘ ŀƭƭ ǘŜǊƳǎ 

ƻƴǘƻ ƻƴŜ ǎƛŘŜ 

ƻŦ ǘƘŜ 

ŜǉǳŀǝƻƴΦ 



 

{ƻƭǾƛƴƎ ǉǳŀŘǊŀǘƛŎ Ŝǉǳŀǘƛƻƴǎ ōȅ ǳǎƛƴƎ ǘƘŜ 
ŦƻǊƳǳƭŀ 
 

 ! [9±9[ [LbY{ 

 {ŎƘŜƳŜ ƻŦ ǿƻǊƪΥ мōΦ vǳŀŘǊŀǝŎ ŦǳƴŎǝƻƴǎ ς ŦŀŎǘƻǊƛǎƛƴƎΣ ǎƻƭǾƛƴƎΣ ƎǊŀǇƘǎ ŀƴŘ ǘƘŜ ŘƛǎŎǊƛƳƛƴŀƴǘǎ  
 

Key points 

¶ !ƴȅ ǉǳŀŘǊŀǝŎ Ŝǉǳŀǝƻƴ ƻŦ ǘƘŜ ŦƻǊƳ ŀȄн Ҍ ōȄ Ҍ Ŏ Ґ л Ŏŀƴ ōŜ ǎƻƭǾŜŘ ǳǎƛƴƎ ǘƘŜ ŦƻǊƳǳƭŀ 
2 4

2

b b ac
x

a

- ° -
=   

¶ LŦ ōн ς пŀŎ ƛǎ ƴŜƎŀǝǾŜ ǘƘŜƴ ǘƘŜ ǉǳŀŘǊŀǝŎ Ŝǉǳŀǝƻƴ ŘƻŜǎ ƴƻǘ ƘŀǾŜ ŀƴȅ ǊŜŀƭ ǎƻƭǳǝƻƴǎΦ 

¶ Lǘ ƛǎ ǳǎŜŦǳƭ ǘƻ ǿǊƛǘŜ Řƻǿƴ ǘƘŜ ŦƻǊƳǳƭŀ ōŜŦƻǊŜ ǎǳōǎǝǘǳǝƴƎ ǘƘŜ ǾŀƭǳŜǎ ŦƻǊ ŀΣ ō ŀƴŘ ŎΦ 

Examples 

Example 7 Solve x2 + 6x + 4 = 0. Give your solutions in surd form. 

a = 1, b = 6, c = 4 

2 4

2

b b ac
x

a

- ° -
=  

 

 

26 6 4(1)(4)

2(1)
x
- ° -
=  

6 20

2
x
- °
=  

6 2 5

2
x
- °
=  

 

3 5x=- °  

 

So 3 5x=- -  or 5 3x= - 

1 Identify a, b and c and write down 

the formula.  

Remember that 2 4b b ac- ° -  is 

all over 2a, not just part of it. 

 

2 Substitute a = 1, b = 6, c = 4 into the 

formula. 

 

3 Simplify. The denominator is 2, but 

this is only because a = 1. The 

denominator will not always be 2. 

4 Simplify 20 . 

20 4 5 4 5 2 5= ³ = ³ = 

5 Simplify by dividing numerator and 

denominator by 2. 

6 Write down both the solutions. 
 

 

  



 

Example 8 Solve 3x2 − 7x − 2 = 0. Give your solutions in surd form. 

a = 3, b = −7, c = −2 

2 4

2

b b ac
x

a

- ° -
=  

 

 

2( 7) ( 7) 4(3)( 2)

2(3)
x
- - ° - - -
=  

7 73

6
x

°
=  

So 
7 73

6
x

-
=  or 

7 73

6
x

+
=  

1 Identify a, b and c, making sure you 

get the signs right and write down 

the formula.  

Remember that 2 4b b ac- ° -  is 

all over 2a, not just part of it. 

2 Substitute a = 3, b = −7, c = −2 into 

the formula. 
 

3 Simplify. The denominator is 6 

when a = 3. A common mistake is 

to always write a denominator of 2. 

4 Write down both the solutions. 

Practice 

5 Solve, giving your solutions in surd form. 

 a 3x2 + 6x + 2 = 0 b 2x2 – 4x – 7 = 0 

6 Solve the equation x2 – 7x + 2 = 0 

 Give your solutions in the form 
a b

c

°
, where a, b and c are integers. 

7 Solve 10x2 + 3x + 3 = 5 

 Give your solution in surd form. 

 

Extend 

8 Choose an appropriate method to solve each quadratic equation, giving your answer in surd form 

when necessary. 

 a 4x(x – 1) = 3x – 2 

 b 10 = (x + 1)2 

 c x(3x – 1) = 10 

  

Iƛƴǘ 

DŜǘ ŀƭƭ ǘŜǊƳǎ ƻƴǘƻ 

ƻƴŜ ǎƛŘŜ ƻŦ ǘƘŜ 

ŜǉǳŀǝƻƴΦ 



 

Answers 

1 a x = 0 or x = 
2

3
-   b x = 0 or x = 

3

4
 

 c x = –5 or x = –2 d x = 2 or x = 3 

 e x = –1 or x = 4 f x = –5 or x = 2 

 g x = 4 or x = 6 h x = –6 or x = 6 

 i x = –7 or x = 4 j  x = 3 

 k x = 
1

2
-  or x = 4 l x = 

2

3
-  or x = 5 

2 a x = –2 or x = 5 b x = –1 or x = 3 

 c x = –8 or x = 3 d x = –6 or x = 7 

 e x = –5 or x = 5 f x = –4 or x = 7 

 g x = –3 or x = 2
1

2
 h x = 

1

3
-  or x = 2 

3 a x = 2 + 7 or x = 2 – 7  b x = 5 + 21  or x = 5 – 21  

 c x = –4 + 21  or x = –4 – 21  d x = 1 + 7  or x = 1 – 7  

 e x = –2 + 6.5  or x = –2 – 6.5  f x = 
3 89

10

- +
 or x = 

3 89

10

- -
 

4 a x = 1 + 14  or x = 1 – 14  b x = 
3 23

2

- +
 or x = 

3 23

2

- -
 

 c x = 
5 13

2

+
 or x = 

5 13

2

-
 

5 a x = –1 + 
3

3
 or x = –1 – 

3

3
 b x = 1 + 

3 2

2
 or x = 1 – 

3 2

2
 

6 x = 
7 41

2

+
 or x = 

7 41

2

-
 

7 x = 
3 89

20

- +
 or x = 

3 89

20

- -
 

8 a x = 
7 17

8

+
 or x = 

7 17

8

-
 

 b x = –1 + 10  or x = –1 – 10  



 

 c x = –1
2

3
 or x = 2 

{ƪŜǘŎƘƛƴƎ ǉǳŀŘǊŀǘƛŎ ƎǊŀǇƘǎ 
 

 ! [9±9[ [LbY{ 

 {ŎƘŜƳŜ ƻŦ ǿƻǊƪΥ мōΦ vǳŀŘǊŀǝŎ ŦǳƴŎǝƻƴǎ ς ŦŀŎǘƻǊƛǎƛƴƎΣ ǎƻƭǾƛƴƎΣ ƎǊŀǇƘǎ ŀƴŘ ǘƘŜ ŘƛǎŎǊƛƳƛƴŀƴǘǎ 
 

Key points 

¶ ¢ƘŜ ƎǊŀǇƘ ƻŦ ǘƘŜ ǉǳŀŘǊŀǝŎ ŦǳƴŎǝƻƴ  

ȅ Ґ ŀȄн Ҍ ōȄ Ҍ ŎΣ ǿƘŜǊŜ ŀ ґ лΣ ƛǎ ŀ ŎǳǊǾŜ  

ŎŀƭƭŜŘ ŀ ǇŀǊŀōƻƭŀΦ 

¶ tŀǊŀōƻƭŀǎ ƘŀǾŜ ŀ ƭƛƴŜ ƻŦ ǎȅƳƳŜǘǊȅ ŀƴŘ  

ŀ ǎƘŀǇŜ ŀǎ ǎƘƻǿƴΦ 

¶ ¢ƻ ǎƪŜǘŎƘ ǘƘŜ ƎǊŀǇƘ ƻŦ ŀ ŦǳƴŎǝƻƴΣ ŬƴŘ ǘƘŜ Ǉƻƛƴǘǎ ǿƘŜǊŜ ǘƘŜ ƎǊŀǇƘ ƛƴǘŜǊǎŜŎǘǎ ǘƘŜ ŀȄŜǎΦ 

¶ ¢ƻ ŬƴŘ ǿƘŜǊŜ ǘƘŜ ŎǳǊǾŜ ƛƴǘŜǊǎŜŎǘǎ ǘƘŜ ȅπŀȄƛǎ ǎǳōǎǝǘǳǘŜ Ȅ Ґ л ƛƴǘƻ ǘƘŜ ŦǳƴŎǝƻƴΦ 

¶ ¢ƻ ŬƴŘ ǿƘŜǊŜ ǘƘŜ ŎǳǊǾŜ ƛƴǘŜǊǎŜŎǘǎ ǘƘŜ ȄπŀȄƛǎ ǎǳōǎǝǘǳǘŜ ȅ Ґ л ƛƴǘƻ ǘƘŜ ŦǳƴŎǝƻƴΦ 

¶ !ǘ ǘƘŜ ǘǳǊƴƛƴƎ Ǉƻƛƴǘǎ ƻŦ ŀ ƎǊŀǇƘ ǘƘŜ ƎǊŀŘƛŜƴǘ ƻŦ ǘƘŜ ŎǳǊǾŜ ƛǎ л ŀƴŘ ŀƴȅ ǘŀƴƎŜƴǘǎ ǘƻ ǘƘŜ 

ŎǳǊǾŜ ŀǘ ǘƘŜǎŜ Ǉƻƛƴǘǎ ŀǊŜ ƘƻǊƛȊƻƴǘŀƭΦ 

¶ ¢ƻ ŬƴŘ ǘƘŜ ŎƻƻǊŘƛƴŀǘŜǎ ƻŦ ǘƘŜ ƳŀȄƛƳǳƳ ƻǊ ƳƛƴƛƳǳƳ Ǉƻƛƴǘ όǘǳǊƴƛƴƎ Ǉƻƛƴǘǎύ ƻŦ ŀ 

ǉǳŀŘǊŀǝŎ ŎǳǊǾŜ όǇŀǊŀōƻƭŀύ ȅƻǳ Ŏŀƴ ǳǎŜ ǘƘŜ ŎƻƳǇƭŜǘŜŘ ǎǉǳŀǊŜ ŦƻǊƳ ƻŦ ǘƘŜ ŦǳƴŎǝƻƴΦ 

Examples 

Example 1 Sketch the graph of y = x2. 

  

The graph of y = x2 is a parabola. 

 

When x = 0, y = 0. 

 

a = 1 which is greater 

than zero, so the graph 

has the shape: 

 

Example 2 Sketch the graph of y = x2 − x − 6. 

When x = 0, y = 02 − 0 − 6 = −6 

So the graph intersects the y-axis at  

(0, −6) 

When y = 0, x2 − x − 6 = 0 

 

(x + 2)(x − 3) = 0 

1 Find where the graph intersects the 

y-axis by substituting x = 0. 

 

2 Find where the graph intersects the 

x-axis by substituting y = 0. 

3 Solve the equation by factorising. 

 

ŦƻǊ ŀ Ҕ л ŦƻǊ ŀ ғ л 



 

 

x = −2 or x = 3 

 

So,  

the graph intersects the x-axis at (−2, 0) 

and (3, 0) 

 

 

x2 − x − 6 = 

2
1 1

6
2 4

x
å õ
- - -æ ö

ç ÷
 

 = 

2
1 25

2 4
x
å õ
- -æ ö

ç ÷
 

When 

2
1

0
2

x
å õ
- =æ ö

ç ÷
, 

1

2
x=  and 

25

4
y=- , so the turning point is at the 

point 
1 25

,
2 4

å õ
-æ ö

ç ÷
 

 

4 Solve (x + 2) = 0 and (x − 3) = 0. 

 

5 a = 1 which is greater 

than zero, so the graph 

has the shape: 
 

(continued on next page) 

6 To find the turning point, complete 

the square. 

 

 

 

 

7 The turning point is the minimum 

value for this expression and occurs 

when the term in the bracket is 

equal to zero. 

 

Practice 

1 Sketch the graph of y = −x2. 

2 Sketch each graph, labelling where the curve crosses the axes. 

 a y = (x + 2)(x − 1) b y = x(x − 3) c y = (x + 1)(x + 5) 

3 Sketch each graph, labelling where the curve crosses the axes. 

 a y = x2 − x − 6 b y = x2 − 5x + 4 c y = x2 – 4 

 d y = x2 + 4x e y = 9 − x2 f y = x2 + 2x − 3 



 

4 Sketch the graph of y = 2x2 + 5x − 3, labelling where the curve crosses the axes. 

Extend 

5 Sketch each graph. Label where the curve crosses the axes and write down the coordinates of the 

turning point. 

 a y = x2 − 5x + 6 b y = −x2 + 7x − 12 c y = −x2 + 4x 

6 Sketch the graph of y = x2 + 2x + 1. Label where the curve crosses the axes and write down the 

equation of the line of symmetry.  



 

Answers 

1  

  

2 a  b  c 

       

   

   

3 a  b  c  

       

 

 d  e  f  

       

 

  



 

4  

  

5 a  b  c  

     

 

6  

  

 Line of symmetry at x = −1. 

 

 

{ƻƭǾƛƴƎ ƭƛƴŜŀǊ ǎƛƳǳƭǘŀƴŜƻǳǎ Ŝǉǳŀǘƛƻƴǎ ǳǎƛƴƎ 
ǘƘŜ ŜƭƛƳƛƴŀǘƛƻƴ ƳŜǘƘƻŘ 
 

 ! [9±9[ [LbY{ 

 {ŎƘŜƳŜ ƻŦ ǿƻǊƪΥ мŎΦ 9ǉǳŀǝƻƴǎ ς ǉǳŀŘǊŀǝŎκƭƛƴŜŀǊ ǎƛƳǳƭǘŀƴŜƻǳǎ  
 



 

Key points 

¶ ¢ǿƻ Ŝǉǳŀǝƻƴǎ ŀǊŜ ǎƛƳǳƭǘŀƴŜƻǳǎ ǿƘŜƴ ǘƘŜȅ ŀǊŜ ōƻǘƘ ǘǊǳŜ ŀǘ ǘƘŜ ǎŀƳŜ ǝƳŜΦ 

¶ {ƻƭǾƛƴƎ ǎƛƳǳƭǘŀƴŜƻǳǎ ƭƛƴŜŀǊ Ŝǉǳŀǝƻƴǎ ƛƴ ǘǿƻ ǳƴƪƴƻǿƴǎ ƛƴǾƻƭǾŜǎ ŬƴŘƛƴƎ ǘƘŜ ǾŀƭǳŜ ƻŦ 

ŜŀŎƘ ǳƴƪƴƻǿƴ ǿƘƛŎƘ ǿƻǊƪǎ ŦƻǊ ōƻǘƘ ŜǉǳŀǝƻƴǎΦ 

¶ aŀƪŜ ǎǳǊŜ ǘƘŀǘ ǘƘŜ ŎƻŜŶŎƛŜƴǘ ƻŦ ƻƴŜ ƻŦ ǘƘŜ ǳƴƪƴƻǿƴǎ ƛǎ ǘƘŜ ǎŀƳŜ ƛƴ ōƻǘƘ ŜǉǳŀǝƻƴǎΦ 

¶ 9ƭƛƳƛƴŀǘŜ ǘƘƛǎ Ŝǉǳŀƭ ǳƴƪƴƻǿƴ ōȅ ŜƛǘƘŜǊ ǎǳōǘǊŀŎǝƴƎ ƻǊ ŀŘŘƛƴƎ ǘƘŜ ǘǿƻ ŜǉǳŀǝƻƴǎΦ 

Examples 

Example 1 Solve the simultaneous equations 3x + y = 5 and x + y = 1 

      3x + y = 5 

ï      x + y = 1    

      2x       = 4 

So x = 2 

 

Using x + y = 1 

 2 + y = 1 

So y = −1 

 

Check: 

  equation 1: 3 × 2 + (−1) = 5   YES 

  equation 2: 2 + (−1) = 1         YES 

1 Subtract the second equation from 

the first equation to eliminate the y 

term. 

 

 

2 To find the value of y, substitute 

x = 2 into one of the original 

equations. 

 

3 Substitute the values of x and y into 

both equations to check your 

answers. 

Example 2 Solve x + 2y = 13 and 5x − 2y = 5 simultaneously. 

       x + 2y = 13 

+   5x − 2y =   5  

      6x         = 18 

So x = 3 

 

Using x + 2y = 13 

 3 + 2y = 13 

So y = 5 

 

Check: 

   equation 1: 3 + 2 × 5 = 13       YES 

   equation 2: 5 × 3 − 2 × 5 = 5   YES 

1 Add the two equations together to 

eliminate the y term. 

 

 

 

2 To find the value of y, substitute 

x = 3 into one of the original 

equations. 

 

3 Substitute the values of x and y into 

both equations to check your 

answers. 

 

  



 

Example 3 Solve 2x + 3y = 2 and 5x + 4y = 12 simultaneously. 

(2x + 3y = 2) × 4  ­        8x + 12y =   8 

(5x + 4y = 12) × 3­      15x + 12y = 36    

                                           7x          =  28 

 

So x = 4 

 

 

Using  2x  +  3y  = 2 

 2 × 4 + 3y = 2 

So y = −2 

 

Check: 

   equation 1: 2 × 4 + 3 × (−2) = 2    YES 

   equation 2: 5 × 4 + 4 × (−2) = 12  YES 

1 Multiply the first equation by 4 and 

the second equation by 3 to make 

the coefficient of y the same for 

both equations. Then subtract the 

first equation from the second 

equation to eliminate the y term. 

 

2 To find the value of y, substitute 

x = 4 into one of the original 

equations. 

 

3 Substitute the values of x and y into 

both equations to check your 

answers. 

 

Practice 

Solve these simultaneous equations. 

1 4x + y = 8 2 3x + y = 7 

 x + y = 5  3x + 2y = 5 

  

3 4x + y = 3 4 3x + 4y = 7 

 3x – y = 11   x – 4y = 5 

 

5 2x + y = 11 6 2x + 3y = 11 

 x – 3y = 9  3x + 2y = 4 

 

 

  



 

{ƻƭǾƛƴƎ ƭƛƴŜŀǊ ǎƛƳǳƭǘŀƴŜƻǳǎ Ŝǉǳŀǘƛƻƴǎ ǳǎƛƴƎ 
ǘƘŜ ǎǳōǎǘƛǘǳǘƛƻƴ ƳŜǘƘƻŘ 
 

 ! [9±9[ [LbY{ 

 {ŎƘŜƳŜ ƻŦ ǿƻǊƪΥ мŎΦ 9ǉǳŀǝƻƴǎ ς ǉǳŀŘǊŀǝŎκƭƛƴŜŀǊ ǎƛƳǳƭǘŀƴŜƻǳǎ 
 ¢ŜȄǘōƻƻƪΥ tǳǊŜ ¸ŜŀǊ мΣ оΦм [ƛƴŜŀǊ ǎƛƳǳƭǘŀƴŜƻǳǎ Ŝǉǳŀǝƻƴǎ 
 

Key points 

¶ ¢ƘŜ ǎǳōǎƛǘǳǝƻƴ ƳŜǘƘƻŘ ƛǎ ǘƘŜ ƳŜǘƘƻŘ Ƴƻǎǘ ŎƻƳƳƻƴƭȅ ǳǎŜŘ ŦƻǊ ! ƭŜǾŜƭΦ ¢Ƙƛǎ ƛǎ ōŜŎŀǳǎŜ 

ƛǘ ƛǎ ǘƘŜ ƳŜǘƘƻŘ ǳǎŜŘ ǘƻ ǎƻƭǾŜ ƭƛƴŜŀǊ ŀƴŘ ǉǳŀŘǊŀǝŎ ǎƛƳǳƭǘŀƴŜƻǳǎ ŜǉǳŀǝƻƴǎΦ 

Examples 

Example 4 Solve the simultaneous equations y = 2x + 1 and 5x + 3y = 14 

5x + 3(2x + 1) = 14 

 

5x + 6x + 3 = 14 

11x + 3 = 14 

11x = 11 

So x = 1 

 

Using y = 2x + 1 

 y = 2 × 1 + 1 

So y = 3 

 

Check: 

   equation 1: 3 = 2 × 1 + 1           YES 

   equation 2: 5 × 1 + 3 × 3 = 14   YES 

1 Substitute 2x + 1 for y into the 

second equation. 

2 Expand the brackets and simplify. 

 

3 Work out the value of x. 

 

 

4 To find the value of y, substitute 

x = 1 into one of the original 

equations. 

 

5 Substitute the values of x and y into 

both equations to check your 

answers. 

Example 5 Solve 2x − y = 16 and 4x + 3y = −3 simultaneously. 



 

y = 2x − 16 

4x + 3(2x − 16) = −3 

 

4x + 6x − 48 = −3 

10x − 48 = −3 

10x = 45 

So x = 1
2

4   

Using y = 2x − 16 

     y = 2 × 1
2

4  − 16 

So y = −7 

 

Check: 

 equation 1: 2 × 1
2

4  – (–7) = 16      YES 

 equation 2: 4 ×  1
2

4  + 3 × (−7) = −3 YES 

1 Rearrange the first equation. 

2 Substitute 2x − 16 for y into the 

second equation. 

3 Expand the brackets and simplify. 

 

4 Work out the value of x. 

 

 

5 To find the value of y, substitute 

x = 1
2

4  into one of the original 

equations. 

 

6 Substitute the values of x and y into 

both equations to check your 

answers. 

Practice 

Solve these simultaneous equations. 

7 y = x – 4 8 y = 2x – 3 

 2x + 5y = 43  5x – 3y = 11 

9 2y = 4x + 5 10 2x = y – 2 

 9x + 5y = 22  8x – 5y = –11 

11 3x + 4y = 8 12 3y = 4x – 7 

 2x – y = –13  2y = 3x – 4 

 

13 3x = y – 1 14 3x + 2y + 1 = 0 

 2y – 2x = 3  4y = 8 – x 

 

Extend 

15 Solve the simultaneous equations 3x + 5y − 20 = 0 and 
3( )

2( )
4

y x
x y

-
+ = . 

  



 

Answers 

1 x = 1, y = 4 

2 x = 3, y = –2 

3 x = 2, y = –5 

4 x = 3, y = –
1

2
 

5 x = 6, y = –1 

6 x = –2, y = 5 

7 x = 9, y = 5 

8 x = –2, y = –7 

9 x = 
1

2
, y = 3

1

2
 

10 x = 
1

2
, y = 3 

11 x = –4, y = 5 

12 x = –2, y = –5 

13 x = 
1

4
, y = 1

3

4
 

14 x = –2, y = 2
1

2
 

15 x = –2
1

2
, y = 5

1

2
 

{ƻƭǾƛƴƎ ƭƛƴŜŀǊ ŀƴŘ ǉǳŀŘǊŀǘƛŎ ǎƛƳǳƭǘŀƴŜƻǳǎ 
Ŝǉǳŀǘƛƻƴǎ 
 

 ! [9±9[ [LbY{ 



 

 {ŎƘŜƳŜ ƻŦ ǿƻǊƪΥ мŎΦ 9ǉǳŀǝƻƴǎ ς ǉǳŀŘǊŀǝŎκƭƛƴŜŀǊ ǎƛƳǳƭǘŀƴŜƻǳǎ 
 

Key points 

¶ aŀƪŜ ƻƴŜ ƻŦ ǘƘŜ ǳƴƪƴƻǿƴǎ ǘƘŜ ǎǳōƧŜŎǘ ƻŦ ǘƘŜ ƭƛƴŜŀǊ Ŝǉǳŀǝƻƴ όǊŜŀǊǊŀƴƎƛƴƎ ǿƘŜǊŜ 

ƴŜŎŜǎǎŀǊȅύΦ 

¶ ¦ǎŜ ǘƘŜ ƭƛƴŜŀǊ Ŝǉǳŀǝƻƴ ǘƻ ǎǳōǎǝǘǳǘŜ ƛƴǘƻ ǘƘŜ ǉǳŀŘǊŀǝŎ ŜǉǳŀǝƻƴΦ 

¶ ¢ƘŜǊŜ ŀǊŜ ǳǎǳŀƭƭȅ ǘǿƻ ǇŀƛǊǎ ƻŦ ǎƻƭǳǝƻƴǎΦ 

 

Examples 

Example 1 Solve the simultaneous equations y = x + 1 and x2 + y2 = 13 

x2 + (x + 1)2 = 13 

 

x2 + x2 + x + x + 1 = 13 

2x2 + 2x + 1 = 13 

 

2x2 + 2x − 12 = 0 

(2x − 4)(x + 3) = 0 

So x = 2 or x = −3 

 

Using y = x + 1 

When x = 2, y = 2 + 1 = 3 

When x = −3, y = −3 + 1 = −2 

 

So the solutions are  

 x = 2,  y = 3 and  x = −3, y = −2 

 

Check: 

 equation 1: 3 = 2 + 1               YES 

           and −2 = −3 + 1             YES 

 equation 2: 22 + 32 = 13           YES 

          and (−3)2 + (−2)2 = 13  YES 

1 Substitute x + 1 for y into the second 

equation. 

2 Expand the brackets and simplify. 

 

 

3 Factorise the quadratic equation. 

 

4 Work out the values of x. 

 

5 To find the value of y, substitute 

both values of x into one of the 

original equations. 

 

 

 

 

6 Substitute both pairs of values of x 

and y into both equations to check 

your answers. 

 

  



 

Example 2 Solve 2x + 3y = 5 and 2y2 + xy = 12 simultaneously. 

5 3

2

y
x

-
=   

22 12
5 3

2
y

y
y
å õ

=æ ö
ç ÷

-
+  

 

2
25 3

2
2 12y

y y
+

-
=  

2 25 3 244 y yy - =+  

2 5 24 0yy - =+  

(y + 8)(y − 3) = 0 

So y = −8 or y = 3 

 

Using 2x + 3y = 5 

When y = −8,   2x + 3 × (−8) = 5,   x = 14.5 

When y = 3,     2x + 3 × 3 = 5,   x = −2 

 

So the solutions are  

   x = 14.5,  y = −8   and   x = −2, y = 3 

 

Check: 

 equation 1: 2 × 14.5 + 3 × (−8) = 5     YES 

            and  2 × (−2) + 3 × 3 = 5          YES 

 equation 2: 2×(−8)2 + 14.5×(−8) = 12 YES 

            and  2 × (3)2 + (−2) × 3 = 12    YES 

1 Rearrange the first equation. 

 

2  Substitute 
5 3

2

y-
 for x into the 

second equation. Notice how it is 

easier to substitute for x than for y. 

3 Expand the brackets and simplify. 

 

 

4 Factorise the quadratic equation. 
 
5 Work out the values of y. 

 

6 To find the value of x, substitute 

both values of y into one of the 

original equations. 

 

 

 

 

7 Substitute both pairs of values of x 

and y into both equations to check 

your answers. 

Practice 

Solve these simultaneous equations. 

1 y = 2x + 1 2 y = 6 − x 

 x2 + y2 = 10  x2 + y2 = 20 

3 y = x – 3 4 y = 9 − 2x 

 x2 + y2 = 5  x2 + y2 = 17 

5 y = 3x – 5 6 y = x − 5 

 y = x2 − 2x + 1  y = x2 − 5x − 12 

7 y = x + 5 8 y = 2x – 1 

 x2 + y2 = 25  x2 + xy = 24 

9 y = 2x 10 2x + y = 11 

 y2 – xy = 8  xy = 15 



 

Extend 

11 x – y = 1 12 y – x = 2 

 x2 + y2 = 3  x2 + xy = 3  



 

Answers 

1 x = 1, y = 3 

 
9 13

,  
5 5

x y=- =- 

2 x = 2, y = 4 

 x = 4, y = 2 

3 x = 1, y = −2 

 x = 2, y = –1 

4 x = 4, y = 1 

 
16 13

,  
5 5

x y= =  

5 x = 3, y = 4 

 x = 2, y = 1 

6 x = 7, y = 2 

 x = −1, y = −6 

7 x = 0, y = 5 

 x = –5, y = 0 

8 x = 
8

3
- , y = 

19

3
-  

 x = 3, y = 5 

9 x = –2, y = –4 

 x = 2, y = 4 

10 x = 
5

2
, y = 6 

 x = 3, y = 5 

11 x = 
1 5

2

+
, y = 

1 5

2

- +
 

 x = 
1 5

2

-
, y = 

1 5

2

- -
 



 

12 x = 
1 7

2

- +
, y = 

3 7

2

+
 

 x = 
1 7

2

- -
, y = 

3 7

2

-
 

{ƻƭǾƛƴƎ ǎƛƳǳƭǘŀƴŜƻǳǎ Ŝǉǳŀǘƛƻƴǎ ƎǊŀǇƘƛŎŀƭƭȅ 
 

 ! [9±9[ [LbY{ 

 {ŎƘŜƳŜ ƻŦ ǿƻǊƪΥ мŎΦ 9ǉǳŀǝƻƴǎ ς ǉǳŀŘǊŀǝŎκƭƛƴŜŀǊ ǎƛƳǳƭǘŀƴŜƻǳǎ 
 

Key points 

¶ ¸ƻǳ Ŏŀƴ ǎƻƭǾŜ ŀƴȅ ǇŀƛǊ ƻŦ ǎƛƳǳƭǘŀƴŜƻǳǎ Ŝǉǳŀǝƻƴǎ ōȅ ŘǊŀǿƛƴƎ ǘƘŜ ƎǊŀǇƘ ƻŦ ōƻǘƘ 

Ŝǉǳŀǝƻƴǎ ŀƴŘ ŬƴŘƛƴƎ ǘƘŜ ǇƻƛƴǘκǇƻƛƴǘǎ ƻŦ ƛƴǘŜǊǎŜŎǝƻƴΦ 

Examples 

Example 1 Solve the simultaneous equations y = 5x + 2 and x + y = 5 graphically. 

y = 5 – x 

 

y = 5 – x has gradient –1 and y-intercept 5. 

y = 5x + 2 has gradient 5 and y-intercept 2. 

 
Lines intersect at 

 x = 0.5, y = 4.5 

 

Check: 

First equation y = 5x + 2: 

 4.5 = 5 × 0.5 + 2             YES 

Second equation x + y = 5: 

 0.5 + 4.5 = 5                   YES 

1 Rearrange the equation x + y = 5 to 

make y the subject. 

2 Plot both graphs on the same grid 

using the gradients and  

y-intercepts. 

 

 

 

 

 

 

 

 

 

 

 

3 The solutions of the simultaneous 

equations are the point of 

intersection. 

 

4 Check your solutions by substituting 

the values into both equations. 

 



 

  



 

 

Example 2 Solve the simultaneous equations y = x − 4 and y = x2 − 4x + 2 graphically. 

 
x 0 1 2 3 4 

y 2 –1 –2 –1 2 

 

 
 

The line and curve intersect at 

 x = 3, y = −1 and x = 2, y = −2 

 

Check: 

First equation y = x − 4: 

 −1 = 3 − 4  YES 

 −2 = 2 − 4  YES 

Second equation y = x2 − 4x + 2: 

 −1 = 32 − 4 × 3 + 2  YES 

 −2 = 22 − 4 × 2 + 2  YES 

1 Construct a table of values and 

calculate the points for the quadratic 

equation. 

 

 

2 Plot the graph. 

 

3 Plot the linear graph on the same 

grid using the gradient and  

y-intercept. 

y = x – 4 has gradient 1 and  

y-intercept –4. 

 

 

 

 

 

 

 

 

 

4 The solutions of the simultaneous 

equations are the points of 

intersection. 

 

5 Check your solutions by substituting 

the values into both equations. 

 

Practice 

1 Solve these pairs of simultaneous equations graphically. 

 a y = 3x − 1 and y = x + 3 

 b y = x − 5 and y = 7 − 5x 

 c y = 3x + 4 and y = 2 − x 

2 Solve these pairs of simultaneous equations graphically. Iƛƴǘ 

wŜŀǊǊŀƴƎŜ ǘƘŜ 

Ŝǉǳŀǝƻƴ ǘƻ 

ƳŀƪŜ ȅ ǘƘŜ 

ǎǳōƧŜŎǘΦ 



 

 a x + y = 0 and y = 2x + 6 

 b 4x + 2y = 3 and y = 3x − 1 

 c 2x + y + 4 = 0 and 2y = 3x − 1 

3 Solve these pairs of simultaneous equations graphically. 

 a y = x − 1 and y = x2 − 4x + 3 

 b y = 1 − 3x and y = x2 − 3x − 3 

 c y = 3 − x and y = x2 + 2x + 5 

4 Solve the simultaneous equations x + y = 1 and x2 + y2 = 25 graphically. 

Extend 

5 a Solve the simultaneous equations 2x + y = 3 and x2 + y = 4 

  i graphically 

  ii  algebraically to 2 decimal places. 

 b Which method gives the more accurate solutions? Explain your answer. 

  



 

Answers 

1 a x = 2, y = 5 

 b x = 2, y = −3 

 c x = −0.5, y = 2.5 

2 a x = −2, y = 2 

 b x = 0.5, y = 0.5 

 c x = −1, y = −2 

3 a x = 1, y = 0 and x = 4, y = 3 

 b x = −2, y = 7 and x = 2, y = −5 

 c x = −2, y = 5 and x = −1, y = 4 

4 x = −3, y = 4 and x = 4, y = −3 

5 a i x = 2.5, y = −2 and x = −0.5, y = 4 

  ii  x = 2.41, y = −1.83 and x = −0.41, y = 3.83 

 b Solving algebraically gives the more accurate solutions as the solutions from the graph are only 

estimates, based on the accuracy of your graph. 

 

[ƛƴŜŀǊ ƛƴŜǉǳŀƭƛǘƛŜǎ 
 

 ! [9±9[ [LbY{ 

 {ŎƘŜƳŜ ƻŦ ǿƻǊƪΥ мŘΦ LƴŜǉǳŀƭƛǝŜǎ ς ƭƛƴŜŀǊ ŀƴŘ ǉǳŀŘǊŀǝŎ όƛƴŎƭǳŘƛƴƎ ƎǊŀǇƘƛŎŀƭ ǎƻƭǳǝƻƴǎύ 
 

Key points 

¶ {ƻƭǾƛƴƎ ƭƛƴŜŀǊ ƛƴŜǉǳŀƭƛǝŜǎ ǳǎŜǎ ǎƛƳƛƭŀǊ ƳŜǘƘƻŘǎ ǘƻ ǘƘƻǎŜ ŦƻǊ ǎƻƭǾƛƴƎ ƭƛƴŜŀǊ ŜǉǳŀǝƻƴǎΦ 

¶ ²ƘŜƴ ȅƻǳ ƳǳƭǝǇƭȅ ƻǊ ŘƛǾƛŘŜ ŀƴ ƛƴŜǉǳŀƭƛǘȅ ōȅ ŀ ƴŜƎŀǝǾŜ ƴǳƳōŜǊ ȅƻǳ ƴŜŜŘ ǘƻ ǊŜǾŜǊǎŜ ǘƘŜ 

ƛƴŜǉǳŀƭƛǘȅ ǎƛƎƴΣ ŜΦƎΦ ғ ōŜŎƻƳŜǎ ҔΦ 

Examples 

Example 1 Solve −8 ≤ 4x < 16 

−8 ≤ 4x < 16 

−2 ≤  x  < 4 

Divide all three terms by 4. 

 

Example 2 Solve 4 ≤ 5x < 10 



 

4 ≤ 5x < 10 
4

5
 ≤ x < 2 

Divide all three terms by 5. 

 

Example 3 Solve 2x − 5 < 7 

2x − 5 < 7 

      2x < 12 

        x < 6 

1 Add 5 to both sides. 

2 Divide both sides by 2. 

 

Example 4 Solve 2 − 5x ≥ −8 

2 − 5x ≥ −8 

    −5x ≥ −10 

         x ≤ 2 

1 Subtract 2 from both sides. 

2 Divide both sides by −5.  

Remember to reverse the inequality 

when dividing by a negative 

number. 

 

Example 5 Solve 4(x − 2) > 3(9 − x) 

4(x − 2) > 3(9 − x) 

   4x − 8 > 27 − 3x 

   7x − 8 > 27 

         7x > 35 

           x > 5 

1 Expand the brackets. 

2 Add 3x to both sides. 

3 Add 8 to both sides. 

4 Divide both sides by 7. 

Practice 

1 Solve these inequalities. 

 a 4x > 16 b 5x – 7 ≤ 3 c 1 ≥ 3x + 4 

 d 5 – 2x < 12 e 5
2

x
²   f 8 < 3 – 

3

x
  

2 Solve these inequalities. 

 a 4
5

x
<- b 10 ≥ 2x + 3 c 7 – 3x > –5 

3 Solve 

 a 2 – 4x ≥ 18 b 3 ≤ 7x + 10 < 45 c 6 – 2x ≥ 4 

 d 4x + 17 < 2 – x e 4 – 5x < –3x f –4x ≥ 24 

4 Solve these inequalities. 



 

 a 3t + 1 < t + 6 b 2(3n – 1) ≥ n + 5 

5 Solve. 

 a 3(2 – x) > 2(4 – x) + 4 b 5(4 – x) > 3(5 – x) + 2 

 

Extend 

6 Find the set of values of x for which 2x + 1 > 11 and 4x – 2 > 16 – 2x. 

  



 

Answers 

1 a x > 4 b x ≤ 2 c x ≤ –1 

 d x > –
7

2
 e x ≥ 10 f x < –15 

2 a x < –20 b x ≤ 3.5 c x < 4 

3 a x ≤ –4 b –1 ≤ x < 5 c x ≤ 1 

 d x < –3 e x > 2 f x ≤ –6 

4 a t < 
5

2
 b n ≥ 

7

5
 

5 a x < –6 b x < 
3

2
 

6 x > 5 (which also satisfies x > 3) 

 

vǳŀŘǊŀǘƛŎ ƛƴŜǉǳŀƭƛǘƛŜǎ 
 

 ! [9±9[ [LbY{ 

 {ŎƘŜƳŜ ƻŦ ǿƻǊƪΥ мŘΦ LƴŜǉǳŀƭƛǝŜǎ ς ƭƛƴŜŀǊ ŀƴŘ ǉǳŀŘǊŀǝŎ όƛƴŎƭǳŘƛƴƎ ƎǊŀǇƘƛŎŀƭ ǎƻƭǳǝƻƴǎύ 
 

Key points 

¶ CƛǊǎǘ ǊŜǇƭŀŎŜ ǘƘŜ ƛƴŜǉǳŀƭƛǘȅ ǎƛƎƴ ōȅ Ґ ŀƴŘ ǎƻƭǾŜ ǘƘŜ ǉǳŀŘǊŀǝŎ ŜǉǳŀǝƻƴΦ 

¶ {ƪŜǘŎƘ ǘƘŜ ƎǊŀǇƘ ƻŦ ǘƘŜ ǉǳŀŘǊŀǝŎ ŦǳƴŎǝƻƴΦ 

¶ ¦ǎŜ ǘƘŜ ƎǊŀǇƘ ǘƻ ŬƴŘ ǘƘŜ ǾŀƭǳŜǎ ǿƘƛŎƘ ǎŀǝǎŦȅ ǘƘŜ ǉǳŀŘǊŀǝŎ ƛƴŜǉǳŀƭƛǘȅΦ 

Examples 

Example 1 Find the set of values of x which satisfy x2 + 5x + 6 > 0 



 

x2 + 5x + 6 = 0 

(x + 3)(x + 2) = 0 
x = ҍ3 or x = ҍ2 
 

 
x < ҍ3 or x > ҍ2 

1 Solve the quadratic equation by 

factorising. 

 

 

2 Sketch the graph of  

y = (x + 3)(x + 2)  

 

3 Identify on the graph where  

x2 + 5x + 6 > 0, i.e. where y > 0 

 

 

 

 

 

 

4 Write down the values which satisfy 

the inequality x2 + 5x + 6 > 0 

 

Example 2 Find the set of values of x which satisfy x2 − 5x ≤ 0 

x2 − 5x = 0 

x(x ҍ 5) = 0 
x = 0 or x = 5 

 
0 ≤ x ≤ 5 

1 Solve the quadratic equation by 

factorising. 

 

2 Sketch the graph of y = x(x − 5) 

 

3 Identify on the graph where  

x2 − 5x ≤ 0, i.e. where y ≤ 0 

 

 

 

4 Write down the values which satisfy 

the inequality x2 − 5x ≤ 0 

 

Example 3 Find the set of values of x which satisfy −x2 − 3x + 10 ≥ 0 



 

−x2 − 3x + 10 = 0 

(ҍx + 2)(x + 5) = 0 
x = 2 or x = −5 

 

 

 

 

 

 

 

 

 

 

 

−5 ≤ x ≤ 2 

1 Solve the quadratic equation by 

factorising. 

 

 

2 Sketch the graph of 

y = (−x + 2)(x + 5) = 0 

 

3 Identify on the graph where 

−x2 − 3x + 10 ≥ 0, i.e. where y ≥ 0 

 

 

 

 

 

3 Write down the values which satisfy 

the inequality −x2 − 3x + 10 ≥ 0 

Practice 

1 Find the set of values of x for which (x + 7)(x – 4) ≤ 0 

2 Find the set of values of x for which x2 – 4x – 12 ≥ 0 

3 Find the set of values of x for which 2x2 –7x + 3 < 0 

4 Find the set of values of x for which 4x2 + 4x – 3 > 0 

5 Find the set of values of x for which 12 + x – x2 ≥ 0 

 

Extend 

Find the set of values which satisfy the following inequalities. 

6 x2 + x ≤ 6 

7 x(2x – 9) < –10 

8 6x2 ≥ 15 + x  

 

O ï5   2  x 

y 



 

Answers 

1 –7 ≤ x ≤ 4 

2 x ≤ –2 or x ≥ 6 

3 
1

3
2

x< <  

4 x < 
3

2
-  or x > 

1

2
 

5 –3 ≤ x ≤ 4 

6 –3 ≤ x ≤ 2 

7 2 < x < 2
1

2
 

8 
3

2
x¢- or 

5

3
x²  

{ƪŜǘŎƘƛƴƎ ŎǳōƛŎ ŀƴŘ ǊŜŎƛǇǊƻŎŀƭ ƎǊŀǇƘǎ 
 

 ! [9±9[ [LbY{ 

 {ŎƘŜƳŜ ƻŦ ǿƻǊƪΥ мŜΦ DǊŀǇƘǎ ς ŎǳōƛŎΣ ǉǳŀǊǝŎ ŀƴŘ ǊŜŎƛǇǊƻŎŀƭ 
 

Key points 

¶ ¢ƘŜ ƎǊŀǇƘ ƻŦ ŀ ŎǳōƛŎ ŦǳƴŎǝƻƴΣ 

ǿƘƛŎƘ Ŏŀƴ ōŜ ǿǊƛǧŜƴ ƛƴ ǘƘŜ 

ŦƻǊƳ ȅҐ ŀȄо Ҍ ōȄн Ҍ ŎȄ Ҍ ŘΣ 

ǿƘŜǊŜ ŀ ґ лΣ Ƙŀǎ ƻƴŜ ƻŦ ǘƘŜ 

ǎƘŀǇŜǎ ǎƘƻǿƴ ƘŜǊŜΦ 

 

 

 

 

 

 

 

 



 

¶ ¢ƘŜ ƎǊŀǇƘ ƻŦ ŀ ǊŜŎƛǇǊƻŎŀƭ 

ŦǳƴŎǝƻƴ ƻŦ ǘƘŜ ŦƻǊƳ 
a

y
x
=  Ƙŀǎ 

ƻƴŜ ƻŦ ǘƘŜ ǎƘŀǇŜǎ ǎƘƻǿƴ ƘŜǊŜΦ 

 

 

¶ ¢ƻ ǎƪŜǘŎƘ ǘƘŜ ƎǊŀǇƘ ƻŦ ŀ ŦǳƴŎǝƻƴΣ ŬƴŘ ǘƘŜ Ǉƻƛƴǘǎ ǿƘŜǊŜ ǘƘŜ ƎǊŀǇƘ ƛƴǘŜǊǎŜŎǘǎ ǘƘŜ ŀȄŜǎΦ 

¶ ¢ƻ ŬƴŘ ǿƘŜǊŜ ǘƘŜ ŎǳǊǾŜ ƛƴǘŜǊǎŜŎǘǎ ǘƘŜ ȅπŀȄƛǎ ǎǳōǎǝǘǳǘŜ Ȅ Ґ л ƛƴǘƻ ǘƘŜ ŦǳƴŎǝƻƴΦ 

¶ ¢ƻ ŬƴŘ ǿƘŜǊŜ ǘƘŜ ŎǳǊǾŜ ƛƴǘŜǊǎŜŎǘǎ ǘƘŜ ȄπŀȄƛǎ ǎǳōǎǝǘǳǘŜ ȅ Ґ л ƛƴǘƻ ǘƘŜ ŦǳƴŎǝƻƴΦ 

¶ ²ƘŜǊŜ ŀǇǇǊƻǇǊƛŀǘŜΣ ƳŀǊƪ ŀƴŘ ƭŀōŜƭ ǘƘŜ ŀǎȅƳǇǘƻǘŜǎ ƻƴ ǘƘŜ ƎǊŀǇƘΦ 

¶ !ǎȅƳǇǘƻǘŜǎ ŀǊŜ ƭƛƴŜǎ όǳǎǳŀƭƭȅ ƘƻǊƛȊƻƴǘŀƭ ƻǊ ǾŜǊǝŎŀƭύ ǿƘƛŎƘ ǘƘŜ ŎǳǊǾŜ ƎŜǘǎ ŎƭƻǎŜǊ ǘƻ ōǳǘ 

ƴŜǾŜǊ ǘƻǳŎƘŜǎ ƻǊ ŎǊƻǎǎŜǎΦ !ǎȅƳǇǘƻǘŜǎ ǳǎǳŀƭƭȅ ƻŎŎǳǊ ǿƛǘƘ ǊŜŎƛǇǊƻŎŀƭ ŦǳƴŎǝƻƴǎΦ CƻǊ 

ŜȄŀƳǇƭŜΣ ǘƘŜ ŀǎȅƳǇǘƻǘŜǎ ŦƻǊ ǘƘŜ ƎǊŀǇƘ ƻŦ 
a

y
x
=  ŀǊŜ ǘƘŜ ǘǿƻ ŀȄŜǎ όǘƘŜ ƭƛƴŜǎ ȅҐ л ŀƴŘ Ȅ Ґ 

лύΦ 

¶ !ǘ ǘƘŜ ǘǳǊƴƛƴƎ Ǉƻƛƴǘǎ ƻŦ ŀ ƎǊŀǇƘ ǘƘŜ ƎǊŀŘƛŜƴǘ ƻŦ ǘƘŜ ŎǳǊǾŜ ƛǎ л ŀƴŘ ŀƴȅ ǘŀƴƎŜƴǘǎ ǘƻ ǘƘŜ 

ŎǳǊǾŜ ŀǘ ǘƘŜǎŜ Ǉƻƛƴǘǎ ŀǊŜ ƘƻǊƛȊƻƴǘŀƭΦ 

¶ ! ŘƻǳōƭŜ Ǌƻƻǘ ƛǎ ǿƘŜƴ ǘǿƻ ƻŦ ǘƘŜ ǎƻƭǳǝƻƴǎ ŀǊŜ ŜǉǳŀƭΦ CƻǊ ŜȄŀƳǇƭŜ όȄ ς оύнόȄ Ҍ нύ Ƙŀǎ ŀ 

ŘƻǳōƭŜ Ǌƻƻǘ ŀǘ ȄҐ оΦ 

¶ ²ƘŜƴ ǘƘŜǊŜ ƛǎ ŀ ŘƻǳōƭŜ ǊƻƻǘΣ ǘƘƛǎ ƛǎ ƻƴŜ ƻŦ ǘƘŜ ǘǳǊƴƛƴƎ Ǉƻƛƴǘǎ ƻŦ ŀ ŎǳōƛŎ ŦǳƴŎǝƻƴΦ 

 

  



 

Examples 

Example 1 Sketch the graph of y = (x − 3)(x − 1)(x + 2) 

To sketch a cubic curve find intersects with both axes and use the key points above 

for the correct shape. 

When x = 0, y = (0 − 3)(0 − 1)(0 + 2) 

    = (−3) × (−1) × 2 = 6 

The graph intersects the y-axis at (0, 6) 

 

When y = 0, (x − 3)(x − 1)(x + 2) = 0 

So x = 3, x = 1 or x = −2 

The graph intersects the x-axis at  

 (−2, 0), (1, 0) and (3, 0) 

 

1 Find where the graph intersects the 

axes by substituting x = 0 and y = 0.  

Make sure you get the coordinates 

the right way around, (x, y). 

2 Solve the equation by solving  

x − 3 = 0, x − 1 = 0 and x + 2 = 0 

 

 

 

3 Sketch the graph. 

 a = 1 > 0 so the graph has the shape: 

 

Example 2 Sketch the graph of y = (x + 2)2(x − 1) 

To sketch a cubic curve find intersects with both axes and use the key points above 

for the correct shape. 

When x = 0, y = (0 + 2)2(0 − 1) 

    = 22 × (−1) = −4 

The graph intersects the y-axis at (0, −4) 

 

When y = 0, (x + 2)2(x − 1) = 0 

So x = −2 or x =1 

 

(−2, 0) is a turning point as x = −2 is a 

double root. 

The graph crosses the x-axis at (1, 0) 

1 Find where the graph intersects the 

axes by substituting x = 0 and y = 0. 

 

 

2 Solve the equation by solving  

x + 2 = 0 and x − 1 = 0 

 

 

 

 

 

3 a = 1 > 0 so the graph has the shape: 

 



 

 

  



 

Practice 

1 Here are six equations. 

 A 
5

y
x
=   B y = x2 + 3x – 10 C y = x3 + 3x2  

 D y = 1 – 3x2 – x3 E y = x3 – 3x2 – 1 F x + y = 5 

 Here are six graphs. 

 i  ii  iii  

 

 

 

 

 

 

 

 iv  v vi 

 

 

 

 

 

 

 a Match each graph to its equation. 

 b Copy the graphs ii, iv and vi and draw the tangent and normal each  at point P. 

Sketch the following graphs 

2  y = 2x3    3 y = x(x – 2)(x + 2) 

4 y = (x + 1)(x + 4)(x – 3)    5 y = (x + 1)(x – 2)(1 – x) 

6 y = (x – 3)2(x + 1)    7 y = (x – 1)2(x – 2) 

8 y = 
3

x
    9 y = 

2

x
-  

 

Extend 

Iƛƴǘ 

CƛƴŘ ǿƘŜǊŜ 

ŜŀŎƘ ƻŦ ǘƘŜ 

ŎǳōƛŎ 

Ŝǉǳŀǝƻƴǎ 

ŎǊƻǎǎ ǘƘŜ ȅπ

ŀȄƛǎΦ 

IƛƴǘΥ [ƻƻƪ ŀǘ ǘƘŜ ǎƘŀǇŜ ƻŦ ȅҐ 

a

x
 ƛƴ ǘƘŜ ǎŜŎƻƴŘ ƪŜȅ ǇƻƛƴǘΦ 



 

10 Sketch the graph of 
1

2
y

x
=
+

 11 Sketch the graph of 
1

1
y

x
=
-

   



 

Answers 

1 a i – C 

  ii – E 

  iii – B 

  iv – A 

  v – F 

  vi – D 

 

 b ii   iv 

 

 

 

 

 

 

 

 

  vi 

 

 

 

 

 

 

 

 

 

2   3 

 

 

 

 

 

 

4   5 

 

 

 

 

 



 

 

 

 

6   7 

 

 

 

 

 

 

8   9   

 

 

 

 

 

 

 

10   11  

¢ǊŀƴǎƭŀǘƛƴƎ ƎǊŀǇƘǎ 
 

 ! [9±9[ [LbY{ 

 {ŎƘŜƳŜ ƻŦ ǿƻǊƪΥ мŦΦ ¢ǊŀƴǎŦƻǊƳŀǝƻƴǎ ς ǘǊŀƴǎŦƻǊƳƛƴƎ ƎǊŀǇƘǎ ς ŦόȄύ ƴƻǘŀǝƻƴ 
 

Key points 

¶ ¢ƘŜ ǘǊŀƴǎŦƻǊƳŀǝƻƴ ȅ Ґ ŦόȄύ ҕ ŀ ƛǎ ŀ 

ǘǊŀƴǎƭŀǝƻƴ ƻŦ ȅ Ґ ŦόȄύ ǇŀǊŀƭƭŜƭ ǘƻ ǘƘŜ ȅπŀȄƛǎΤ 

ƛǘ ƛǎ ŀ ǾŜǊǝŎŀƭ ǘǊŀƴǎƭŀǝƻƴΦ  

 

!ǎ ǎƘƻǿƴ ƻƴ ǘƘŜ ƎǊŀǇƘΣ  

o ȅ Ґ ŦόȄύ Ҍ ŀ ǘǊŀƴǎƭŀǘŜǎ ȅ Ґ ŦόȄύ ǳǇ  

o ȅҐ ŦόȄύ ς ŀ ǘǊŀƴǎƭŀǘŜǎ ȅҐ ŦόȄύ ŘƻǿƴΦ 

 

 

 

¶ ¢ƘŜ ǘǊŀƴǎŦƻǊƳŀǝƻƴ ȅ Ґ ŦόȄ ҕ ŀύ ƛǎ ŀ 

ǘǊŀƴǎƭŀǝƻƴ ƻŦ ȅ Ґ ŦόȄύ ǇŀǊŀƭƭŜƭ ǘƻ ǘƘŜ ȄπŀȄƛǎΤ 

ƛǘ ƛǎ ŀ ƘƻǊƛȊƻƴǘŀƭ ǘǊŀƴǎƭŀǝƻƴΦ 

  

 

O x 

y 



 

!ǎ ǎƘƻǿƴ ƻƴ ǘƘŜ ƎǊŀǇƘΣ  

o ȅҐ ŦόȄ Ҍ ŀύ ǘǊŀƴǎƭŀǘŜǎ ȅҐ ŦόȄύ ǘƻ ǘƘŜ ƭŜƊ 

o ȅҐ ŦόȄ ς ŀύ ǘǊŀƴǎƭŀǘŜǎ ȅ Ґ ŦόȄύ ǘƻ ǘƘŜ ǊƛƎƘǘΦ  

 

Examples 

Example 1 The graph shows the function y = f(x). 

  Sketch the graph of y = f(x) + 2. 

 

 

 

  

For the function y = f(x) + 2 translate 

the function y = f(x) 2 units up. 

 

Example 2 The graph shows the function y = f(x). 

 Sketch the graph of y = f(x − 3). 

 

 

 

 

For the function y = f(x − 3) translate 

the function y = f(x) 3 units right. 

 

 



 

Practice 

1 The graph shows the function y = f(x).  

Copy the graph and on the same axes sketch and 

label the graphs of y = f(x) + 4 and y = f(x + 2). 

 

 

 

2 The graph shows the function y = f(x). 

Copy the graph and on the same axes sketch and 

label the graphs of y = f(x + 3) and y = f(x) – 3.  

 

 

 

3 The graph shows the function y = f(x). 

Copy the graph and on the same axes sketch the 

graph of y = f(x – 5). 

 

  



 

4 The graph shows the function y = f(x) and two 

transformations of y = f(x), labelled C1 and C2. 

Write down the equations of the translated curves C1 

and C2 in function form. 

 

 

 

 

 

 

 

5 The graph shows the function y = f(x) and two 

transformations of y = f(x), labelled C1 and C2. 

Write down the equations of the translated curves C1 

and C2 in function form. 

 

 

 

 

 

6 The graph shows the function y = f(x). 

 a Sketch the graph of y = f(x) + 2 

 b Sketch the graph of y = f(x + 2) 

  



 

{ǘǊŜǘŎƘƛƴƎ ƎǊŀǇƘǎ 
 

 ! [9±9[ [LbY{ 

 {ŎƘŜƳŜ ƻŦ ǿƻǊƪΥ мŦΦ ¢ǊŀƴǎŦƻǊƳŀǝƻƴǎ ς ǘǊŀƴǎŦƻǊƳƛƴƎ ƎǊŀǇƘǎ ς ŦόȄύ ƴƻǘŀǝƻƴ 
 ¢ŜȄǘōƻƻƪΥ tǳǊŜ ¸ŜŀǊ мΣ пΦс {ǘǊŜǘŎƘƛƴƎ ƎǊŀǇƘǎ 
 

Key points 

 

¶ ¢ƘŜ ǘǊŀƴǎŦƻǊƳŀǝƻƴ ȅ Ґ ŦόŀȄύ ƛǎ ŀ ƘƻǊƛȊƻƴǘŀƭ 

ǎǘǊŜǘŎƘ ƻŦ ȅ Ґ ŦόȄύ ǿƛǘƘ ǎŎŀƭŜ ŦŀŎǘƻǊ 1

a
 

ǇŀǊŀƭƭŜƭ ǘƻ ǘƘŜ ȄπŀȄƛǎΦ  

 

 

 

 

 

¶ ¢ƘŜ ǘǊŀƴǎŦƻǊƳŀǝƻƴ ȅ Ґ ŦόςŀȄύ ƛǎ ŀ 

ƘƻǊƛȊƻƴǘŀƭ ǎǘǊŜǘŎƘ ƻŦ ȅ Ґ ŦόȄύ ǿƛǘƘ ǎŎŀƭŜ 

ŦŀŎǘƻǊ 1

a
 ǇŀǊŀƭƭŜƭ ǘƻ ǘƘŜ ȄπŀȄƛǎ ŀƴŘ ǘƘŜƴ ŀ 

ǊŜƅŜŎǝƻƴ ƛƴ ǘƘŜ ȅπŀȄƛǎΦ   

 

 

 

 

 

¶ ¢ƘŜ ǘǊŀƴǎŦƻǊƳŀǝƻƴ ȅ Ґ ŀŦόȄύ ƛǎ ŀ ǾŜǊǝŎŀƭ 

ǎǘǊŜǘŎƘ ƻŦ ȅ Ґ ŦόȄύ ǿƛǘƘ ǎŎŀƭŜ ŦŀŎǘƻǊ ŀ 

ǇŀǊŀƭƭŜƭ ǘƻ ǘƘŜ ȅπŀȄƛǎΦ  

 

 

 

 

 

 

¶ ¢ƘŜ ǘǊŀƴǎŦƻǊƳŀǝƻƴ ȅ Ґ ςŀŦόȄύ ƛǎ ŀ ǾŜǊǝŎŀƭ 

ǎǘǊŜǘŎƘ ƻŦ ȅ Ґ ŦόȄύ ǿƛǘƘ ǎŎŀƭŜ ŦŀŎǘƻǊ ŀ 



 

ǇŀǊŀƭƭŜƭ ǘƻ ǘƘŜ ȅπŀȄƛǎ ŀƴŘ ǘƘŜƴ ŀ ǊŜƅŜŎǝƻƴ 

ƛƴ ǘƘŜ ȄπŀȄƛǎΦ 

 

 

  



 

Examples 

Example 3 The graph shows the function y = f(x). 

  Sketch and label the graphs of  

  y = 2f(x) and y = –f(x). 

 

 

 

 

The function y = 2f(x) is a vertical 

stretch of y = f(x) with scale 

factor 2 parallel to the y-axis. 

The function y = −f(x) is a 

reflection of y = f(x) in the  

x-axis. 

 

Example 4 The graph shows the function y = f(x). 

  Sketch and label the graphs of  

  y = f(2x) and y = f(–x). 

 

 

 

 

The function y = f(2x) is a horizontal 

stretch of y = f(x) with scale factor 
1
2  parallel to the x-axis. 

The function y = f(−x) is a reflection 

of y = f(x) in the y-axis. 

 

  



 

Practice 

7 The graph shows the function y = f(x). 

 a Copy the graph and on the same axes sketch 

and label the graph of y = 3f(x). 

 b Make another copy of the graph and on the 

same axes sketch and label the graph of y = 

f(2x). 

 

 

8 The graph shows the function y = f(x). 

Copy the graph and on the same axes  

sketch and label the graphs of 

y = –2f(x) and y = f(3x). 

 

 

9 The graph shows the function y = f(x).  

Copy the graph and, on the same axes,  

sketch and label the graphs of  

y = –f(x) and y = ( )1
2

f x . 

 

 

10 The graph shows the function y = f(x). 

Copy the graph and, on the same axes,  

sketch the graph of y = –f(2x).  

 

 

11 The graph shows the function y = f(x) and a 

transformation, labelled C. 

Write down the equation of the translated curve C 

in function form. 

 



 

 

 

12 The graph shows the function y = f(x) and a 

transformation labelled C. 

Write down the equation of the translated curve C 

in function form. 

 

 

13 The graph shows the function y = f(x). 

 a Sketch the graph of y = −f(x). 

 b Sketch the graph of y = 2f(x). 

 

 

 

Extend 

14 a Sketch and label the graph of y = f(x), where f(x) = (x – 1)(x + 1). 

 b On the same axes, sketch and label the graphs of y = f(x) – 2 and y = f(x + 2). 

15 a Sketch and label the graph of y = f(x), where f(x) = –(x + 1)(x – 2). 

 b On the same axes, sketch and label the graph of y = ( )1
2

f x- .  

  



 

Answers 

1     2 

      

 

3 

  

4 C1: y = f(x – 90°) 

 C2: y = f(x) – 2 

5 C1: y = f(x – 5) 

 C2: y = f(x) – 3 

6 a   b 

      

 



 

  



 

7 a   b 

      

8    9 

     

10 

  

11 y = f(2x) 

12 y = –2f(2x) or y = 2f(–2x) 

13 a   b 



 

      

14 

  

15 

  

{ǘǊŀƛƎƘǘ ƭƛƴŜ ƎǊŀǇƘǎ 
 

 ! [9±9[ [LbY{ 

 {ŎƘŜƳŜ ƻŦ ǿƻǊƪΥ нŀΦ {ǘǊŀƛƎƘǘπƭƛƴŜ ƎǊŀǇƘǎΣ ǇŀǊŀƭƭŜƭκǇŜǊǇŜƴŘƛŎǳƭŀǊΣ ƭŜƴƎǘƘ ŀƴŘ ŀǊŜŀ ǇǊƻōƭŜƳǎ 
 



 

Key points 

¶ ! ǎǘǊŀƛƎƘǘ ƭƛƴŜ Ƙŀǎ ǘƘŜ Ŝǉǳŀǝƻƴ ȅҐ ƳȄҌ ŎΣ ǿƘŜǊŜ Ƴ 

ƛǎ ǘƘŜ ƎǊŀŘƛŜƴǘ ŀƴŘ Ŏ ƛǎ ǘƘŜ ȅπƛƴǘŜǊŎŜǇǘ όǿƘŜǊŜ Ȅ Ґ лύΦ 

¶ ¢ƘŜ Ŝǉǳŀǝƻƴ ƻŦ ŀ ǎǘǊŀƛƎƘǘ ƭƛƴŜ Ŏŀƴ ōŜ ǿǊƛǧŜƴ ƛƴ ǘƘŜ 

ŦƻǊƳ ŀȄ Ҍ ōȅ Ҍ Ŏ Ґ лΣ ǿƘŜǊŜ ŀΣ ō ŀƴŘ Ŏ ŀǊŜ ƛƴǘŜƎŜǊǎΦ 

¶ ²ƘŜƴ ƎƛǾŜƴ ǘƘŜ ŎƻƻǊŘƛƴŀǘŜǎ όȄмΣȅмύ ŀƴŘ όȄнΣȅнύ ƻŦ 

ǘǿƻ Ǉƻƛƴǘǎ ƻƴ ŀ ƭƛƴŜ ǘƘŜ ƎǊŀŘƛŜƴǘ ƛǎ ŎŀƭŎǳƭŀǘŜŘ ǳǎƛƴƎ 

ǘƘŜ ŦƻǊƳǳƭŀ 2 1

2 1

y y
m

x x

-
=
-
  

Examples 

Example 1 A straight line has gradient 
1

2
-  and y-intercept 3. 

Write the equation of the line in the form ax + by + c = 0. 

m = 
1

2
-  and c = 3 

So y = 
1

2
- x + 3 

1

2
x + y – 3 = 0 

 

x + 2y − 6 = 0 

1 A straight line has equation 

y = mx + c. Substitute the gradient 

and y-intercept given in the question 

into this equation. 

2 Rearrange the equation so all the 

terms are on one side and 0 is on  

the other side.  

3 Multiply both sides by 2 to 

eliminate the denominator. 

 

Example 2 Find the gradient and the y-intercept of the line with the equation 3y − 2x + 4 = 0. 

3y − 2x + 4 = 0 

3y = 2x − 4 

2 4

3 3
y x= -   

Gradient = m = 
2

3
 

y-intercept = c = 
4

3
-  

1 Make y the subject of the equation. 

 

2 Divide all the terms by three to get 

the equation in the form y = … 
 

3 In the form y = mx + c, the gradient 

is m and the y-intercept is c. 

 

  



 

Example 3 Find the equation of the line which passes through the point (5, 13) and has gradient 3. 

m = 3 

y = 3x + c 

 

 

13 = 3 × 5 + c 

 

13 = 15 + c 

c = −2 

y = 3x − 2 

1 Substitute the gradient given in the 

question into the equation of a 

straight line y = mx + c. 

2 Substitute the coordinates x = 5 and 

y = 13 into the equation. 

3 Simplify and solve the equation. 

 

4 Substitute c = −2 into the equation 

y = 3x + c 

 

Example 4 Find the equation of the line passing through the points with coordinates (2, 4) and (8, 7). 

1 2x = , 2 8x = , 1 4y =  and 2 7y =  

2 1

2 1

7 4 3 1

8 2 6 2

y y
m

x x

- -
= = = =
- -

 

 

1

2
y x c= +  

1
4 2

2
c= ³ + 

 c = 3 

1
3

2
y x= + 

1 Substitute the coordinates into the 

equation 2 1

2 1

y y
m

x x

-
=
-

 to work out 

the gradient of the line. 

2 Substitute the gradient into the 

equation of a straight line 

y = mx + c. 

3 Substitute the coordinates of either 

point into the equation. 

4 Simplify and solve the equation. 

5 Substitute c = 3 into the equation 

1

2
y x c= + 

 

Practice 

1 Find the gradient and the y-intercept of the following equations. 

 a y = 3x + 5 b y = 
1

2
- x – 7  

 c 2y = 4x – 3 d x + y = 5 

 e 2x – 3y – 7 = 0 f 5x + y – 4 = 0 

2 Copy and complete the table, giving the equation of the line in the form y = mx + c. 

Gradient y-intercept Equation of the line 

5 0  

Hint  

wŜŀǊǊŀƴƎŜ ǘƘŜ 

Ŝǉǳŀǝƻƴǎ ǘƻ ǘƘŜ ŦƻǊƳ 

ȅҐ ƳȄ Ҍ Ŏ 



 

–3 2  

4 –7  

3 Find, in the form ax + by + c = 0 where a, b and c are integers, an equation for each of the lines with 

the following gradients and y-intercepts. 

 a gradient 
1

2
- ,  y-intercept –7 b gradient 2,  y-intercept 0 

 c gradient 
2

3
,  y-intercept 4 d gradient –1.2,  y-intercept –2 

4 Write an equation for the line which passes though the point (2, 5) and has gradient 4. 

5 Write an equation for the line which passes through the point (6, 3) and has gradient 
2

3
-  

6 Write an equation for the line passing through each of the following pairs of points. 

 a (4, 5),  (10, 17) b (0, 6),  (–4, 8) 

 c (–1, –7),  (5, 23) d (3, 10),  (4, 7) 

 

Extend 

7 The equation of a line is 2y + 3x – 6 = 0. 

Write as much information as possible about this line. 

  



 

Answers 

1 a m = 3, c = 5 b m = 
1

2
- , c = –7  

 c m = 2, c = 
3

2
-  d m = –1, c = 5 

 e m = 
2

3
, c = 

7

3
- or –2

1

3
  f m = –5, c = 4 

2  

Gradient y-intercept Equation of the line 

5 0 y = 5x 

–3 2 y = –3x + 2 

4 –7 y = 4x –7 

3 a x + 2y + 14 = 0 b 2x – y = 0 

 c 2x – 3y + 12 = 0 d 6x + 5y + 10 = 0 

4 y = 4x – 3 

5 y = 
2

3
- x + 7 

6 a y = 2x – 3 b y = 
1

2
- x + 6 

 c y = 5x –2 d y = –3x + 19 

7 
3

3
2

y x=- +, the gradient is 
3

2
-  and the y-intercept is 3. 

The line intercepts the axes at (0, 3) and (2, 0). 

Students may sketch the line or give coordinates that lie on the line such as 
3

1,
2

å õ
æ ö
ç ÷

 or ( )4, 3- . 

 

 

tŀǊŀƭƭŜƭ ŀƴŘ ǇŜǊǇŜƴŘƛŎǳƭŀǊ ƭƛƴŜǎ 
 



 

 ! [9±9[ [LbY{ 

 {ŎƘŜƳŜ ƻŦ ǿƻǊƪΥ нŀΦ {ǘǊŀƛƎƘǘπƭƛƴŜ ƎǊŀǇƘǎΣ ǇŀǊŀƭƭŜƭκǇŜǊǇŜƴŘƛŎǳƭŀǊΣ ƭŜƴƎǘƘ ŀƴŘ ŀǊŜŀ ǇǊƻōƭŜƳǎ 
 

Key points 

¶ ²ƘŜƴ ƭƛƴŜǎ ŀǊŜ ǇŀǊŀƭƭŜƭ ǘƘŜȅ ƘŀǾŜ ǘƘŜ 

ǎŀƳŜ ƎǊŀŘƛŜƴǘΦ 

¶ ! ƭƛƴŜ ǇŜǊǇŜƴŘƛŎǳƭŀǊ ǘƻ ǘƘŜ ƭƛƴŜ ǿƛǘƘ 

Ŝǉǳŀǝƻƴ ȅҐ ƳȄ Ҍ Ŏ Ƙŀǎ ƎǊŀŘƛŜƴǘ 1

m
- Φ 

 

Examples 

Example 1 Find the equation of the line parallel to y = 2x + 4 which passes through  

the point (4, 9). 

y = 2x + 4 

m = 2 

y = 2x + c 

 

9 = 2 × 4 + c 

 

9 = 8 + c 

c = 1 

y = 2x + 1 

1 As the lines are parallel they have 

the same gradient. 

2 Substitute m = 2 into the equation of 

a straight line y = mx + c. 

3 Substitute the coordinates into the 

equation y = 2x + c 

4 Simplify and solve the equation. 

 

5 Substitute c = 1 into the equation 

y = 2x + c 

Example 2 Find the equation of the line perpendicular to y = 2x − 3 which passes through  

the point (−2, 5). 

y = 2x − 3 

m = 2 

1 1

2m
- =- 

1

2
y x c=- + 

1
5 ( 2)

2
c=- ³ - + 

 

5 = 1 + c 

c = 4 

1
4

2
y x=- + 

1 As the lines are perpendicular, the 

gradient of the perpendicular line  

is 
1

m
- . 

2 Substitute m = 
1

2
-  into y = mx + c. 

3 Substitute the coordinates (–2, 5) 

into the equation 
1

2
y x c=- + 

4 Simplify and solve the equation. 

 

5 Substitute c = 4 into 
1

2
y x c=- +. 



 

Example 3 A line passes through the points (0, 5) and (9, −1). 

Find the equation of the line which is perpendicular to the line and passes through  

its midpoint. 

1 0x = , 2 9x = , 1 5y =  and 2 1y =- 

2 1

2 1

1 5

9 0

6 2
      

9 3

y y
m

x x

- - -
= =
- -

-
= =-

 

1 3

2m
- =  

 

3

2
y x c= +  

 

Midpoint = 
0 9 5 ( 1) 9

, , 2
2 2 2

+ + -å õ å õ
=æ ö æ ö

ç ÷ ç ÷
 

3 9
2

2 2
c= ³ + 

19

4
c=-   

3 19

2 4
y x= -  

1 Substitute the coordinates into the 

equation 2 1

2 1

y y
m

x x

-
=
-

 to work out 

the gradient of the line. 

 

2 As the lines are perpendicular, the 

gradient of the perpendicular line  

is 
1

m
- . 

3 Substitute the gradient into the 

equation y = mx + c. 

 

4 Work out the coordinates of the 

midpoint of the line. 

 

5 Substitute the coordinates of the 

midpoint into the equation. 

6 Simplify and solve the equation. 

7 Substitute 
19

4
c=-  into the equation 

3

2
y x c= +. 

 

Practice 

1 Find the equation of the line parallel to each of the given lines and which passes through each of the 

given points. 

 a y = 3x + 1    (3, 2) b y = 3 – 2x    (1, 3) 

 c 2x + 4y + 3 = 0    (6, –3) d 2y –3x + 2 = 0    (8, 20) 

2 Find the equation of the line perpendicular to y = 
1

2
x – 3 which 

passes through the point (–5, 3). 

 

3 Find the equation of the line perpendicular to each of the given lines and which passes through each 

of the given points. 

 a y = 2x – 6    (4, 0) b y = 
1

3
- x + 

1

2
    (2, 13) 

Hint  

LŦ Ƴ Ґ a
b
 ǘƘŜƴ ǘƘŜ 

ƴŜƎŀǝǾŜ ǊŜŎƛǇǊƻŎŀƭ 
1 b

m a
- =- 



 

 c x –4y – 4 = 0    (5, 15) d 5y + 2x – 5 = 0    (6, 7) 

4 In each case find an equation for the line passing through the origin which is also perpendicular to 

the line joining the two points given. 

 a (4, 3),  (–2, –9) b (0, 3),  (–10, 8) 

 

Extend 

5 Work out whether these pairs of lines are parallel, perpendicular or neither. 

 a y = 2x + 3 b y = 3x  c y = 4x – 3 

  y = 2x – 7  2x + y – 3 = 0  4y + x = 2 

 

 d 3x – y + 5 = 0 e 2x + 5y – 1 = 0 f 2x – y = 6 

  x + 3y = 1  y = 2x + 7  6x – 3y + 3 = 0 

6 The straight line L 1 passes through the points A and B with coordinates (–4, 4) and (2, 1), 

respectively. 

 a Find the equation of L 1 in the form ax + by + c = 0 

 The line L 2 is parallel to the line L 1 and passes through the point C with coordinates (–8, 3). 

 b Find the equation of L 2 in the form ax + by + c = 0 

 The line L 3 is perpendicular to the line L 1 and passes through the origin. 

 c Find an equation of L 3 

  



 

Answers 

1 a y = 3x –7 b y = –2x + 5 

 c y = – 1

2
x  d y = 

3

2
x + 8 

2 y = −2x – 7 

3 a y = – 1

2
x + 2 b y = 3x + 7 

 c y = –4x + 35 d y = 
5

2
x – 8 

4 a y = –
1

2
x b y = 2x 

5 a Parallel b Neither c Perpendicular  

 d Perpendicular e Neither f Parallel 

6 a x + 2y – 4 = 0 b x + 2y + 2 = 0 c y = 2x 

 

 

tȅǘƘŀƎƻǊŀǎΩ ǘƘŜƻǊŜƳ 
 

 ! [9±9[ [LbY{ 

 {ŎƘŜƳŜ ƻŦ ǿƻǊƪΥ нŀΦ {ǘǊŀƛƎƘǘπƭƛƴŜ ƎǊŀǇƘǎΣ ǇŀǊŀƭƭŜƭκǇŜǊǇŜƴŘƛŎǳƭŀǊΣ ƭŜƴƎǘƘ ŀƴŘ ŀǊŜŀ ǇǊƻōƭŜƳǎ 
 

Key points 

¶ In a right-angled triangle the longest side is called the 

hypotenuse.  

¶ Pythagoras’ theorem states that for a right-angled triangle the 

square of the hypotenuse is equal to the sum of the squares of the 

other two sides. c2 = a2 

+ b2 

Examples 

Example 1 Calculate the length of the hypotenuse. 

Give your answer to 3 significant figures.  

 



 

 

c2 = a2 + b2 

 

 

 

 

 

 

x2 = 52 + 82 

x2 = 25 + 64 

x2 = 89 

89x=  

 

x = 9.433 981 13... 

x = 9.43 cm 

1 Always start by stating the formula 

for Pythagoras’ theorem and 

labelling the hypotenuse c and the 

other two sides a and b. 

 

 

 

2 Substitute the values of a, b and c 

into the formula for Pythagoras' 

theorem. 

3 Use a calculator to find the square 

root. 

4 Round your answer to 3 significant 

figures and write the units with your 

answer. 

 

  



 

Example 2 Calculate the length x.  
Give your answer in surd form.  

 

 

c2 = a2 + b2 

 

102 = x2 + 42 

100 = x2 + 16 

x2 = 84 

84x=  

2 21x=  cm 

1 Always start by stating the formula 

for Pythagoras' theorem.  

2  Substitute the values of a, b and c 

into the formula for Pythagoras' 

theorem. 

 

3 Simplify the surd where possible 

and write the units in your answer. 

 

Practice 

1 Work out the length of the unknown side in each triangle. 

 Give your answers correct to 3 significant figures.  

 a  b  

     

 

 

 

 c  d 

  

 

   

  

2 Work out the length of the unknown side in each triangle. 

 Give your answers in surd form. 

 a  b 

 

 

 

  

 c  d 

 

  



 

Iƛƴǘ 

5Ǌŀǿ ŀ ǎƪŜǘŎƘ ƻŦ ǘƘŜ 

ǊŜŎǘŀƴƎƭŜΦ 

Iƛƴǘ 

5Ǌŀǿ ŀ ŘƛŀƎǊŀƳ 

ǳǎƛƴƎ ǘƘŜ 

ƛƴŦƻǊƳŀǝƻƴ ƎƛǾŜƴ ƛƴ 

ǘƘŜ ǉǳŜǎǝƻƴΦ 

3 Work out the length of the unknown side in each triangle.  
 Give your answers in surd form. 

 a  b 

 

 

 

 c  d 

 

 

 

 

4 A rectangle has length 84 mm and width 45 mm.  
 Calculate the length of the diagonal of the rectangle. 

 Give your answer correct to 3 significant figures. 

 

Extend 

5 A yacht is 40 km due North of a lighthouse. 

A rescue boat is 50 km due East of the same lighthouse. 

Work out the distance between the yacht and the rescue boat.  

Give your answer correct to 3 significant figures. 

6 Points A and B are shown on the diagram. 

Work out the length of the line AB.  

Give your answer in surd form. 

  

7 A cube has length 4 cm.  
Work out the length of the diagonal AG. 

Give your answer in surd form.  

  



 

Answers 

1 a 10.3 cm b 7.07 cm 

 c 58.6 mm d 8.94 cm 

2 a 4 3  cm b 2 21  cm 

 c 8 17  mm d 18 5  mm 

3 a 18 13  mm b 2 145  mm 

 c 42 2  mm d 6 89  mm 

4 95.3 mm 

5 64.0 km 

6 3 5  units 

7 4 3  cm 

 

tǊƻǇƻǊǘƛƻƴ 
 

 ! [9±9[ [LbY{ 
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Key points  

¶ Two quantities are in direct proportion when, as one 

quantity increases, the other increases at the same rate. 

Their ratio remains the same. 

¶ ‘y is directly proportional to x’ is written as y  ́x. 

If y  ́x then y = kx, where k is a constant. 

¶ When x is directly proportional to y, the graph is a 

straight line passing through the origin. 



 

 

¶ Two quantities are in inverse proportion when, as one quantity 

increases, the other decreases at the same rate.  

¶ ‘y is inversely proportional to x’ is written as y  ́
1

x
.  

If y  ́
1

x
 then y = 

k

x
, where k is a constant. 

¶ When x is inversely proportional to y the graph is the same shape 

as the graph of y = 1
x

 

Examples 

Example 1 y is directly proportional to x. 

When y = 16, x = 5. 

a Find x when y = 30. 

b Sketch the graph of the formula. 

a y x´  

 

 y = kx 

 16 = k × 5 

 

 k = 3.2 

 

 y = 3.2x 

 

 When y = 30, 

 30 = 3.2 × x 

 x = 9.375 

 

1 Write y is directly proportional to x, 

using the symbol .́ 

2 Write the equation using k. 

3 Substitute y = 16 and x = 5 into  

y = kx. 

4 Solve the equation to find k. 

 

5 Substitute the value of k back into 

the equation y = kx. 

 

6 Substitute y = 30 into y = 3.2x and 

solve to find x when y = 30. 

 

  



 

b 

 

7 The graph of y = 3.2x is a straight 

line passing through (0, 0) with a 

gradient of 3.2. 

 

Example 2 y is directly proportional to x2. 

When x = 3, y = 45. 

a Find y when x = 5. 

b Find x when y = 20. 

a 
2y x´  

 

 y = kx2 

 45 = k × 32 

 

 k = 5 

 y = 5x2 

 

 When x = 5, 

 y = 5 × 52 

 y = 125 

 

b 20 = 5 × x2 

 x2 = 4 

 x = ±2 

1 Write y is directly proportional to x2, 

using the symbol .́ 

2 Write the equation using k. 

3 Substitute y = 45 and x = 3 into  

y = kx2. 

4 Solve the equation to find k. 

5 Substitute the value of k back into 

the equation y = kx2. 

 

6 Substitute x = 5 into y = 5x2 and 

solve to find y when x = 5. 

 

7 Substitute y = 20 into y = 5x2 and 

solve to find x when y = 4. 

 

 

Example 3 P is inversely proportional to Q. 

When P = 100, Q = 10. 

Find Q when P = 20. 

1
P

Q
´  

k
P

Q
=  

100
10

k
=  

 k = 1000 

1 Write P is inversely proportional  

to Q, using the symbol .́ 

 

2 Write the equation using k. 

 

3 Substitute P = 100 and Q = 10. 

  

4 Solve the equation to find k. 

5 Substitute the value of k into 
k

P
Q
=  



 

1000
P

Q
=  

1000
20

Q
=  

1000
50

20
Q= =  

6 Substitute P = 20 into 
1000

P
Q

=  and 

solve to find Q when P = 20. 

Practice 

1 Paul gets paid an hourly rate. The amount of pay (£P) is directly 

proportional to the number of hours (h) he works.  

When he works 8 hours he is paid £56. If 

Paul works for 11 hours, how much is he paid? 

2 x is directly proportional to y.  

 x = 35 when y = 5. 

 a Find a formula for x in terms of y.  

 b Sketch the graph of the formula. 

 c Find x when y = 13. 

 d Find y when x = 63. 

3 Q is directly proportional to the square of Z.  

 Q = 48 when Z = 4. 

 a Find a formula for Q in terms of Z. 

 b Sketch the graph of the formula. 

 c Find Q when Z = 5. 

 d Find Z when Q = 300. 

4 y is directly proportional to the square of x. 

 x = 2 when y = 10. 

 a Find a formula for y in terms of x. 

 b Sketch the graph of the formula. 

 c Find x when y = 90. 

5 B is directly proportional to the square root of C.  

 C = 25 when B = 10. 

 a Find B when C = 64. 

 b Find C when B = 20. 

6 C is directly proportional to D. 

 C = 100 when D = 150. 

 Find C when D = 450. 

Iƛƴǘ 

{ǳōǎǝǘǳǘŜ ǘƘŜ 

ǾŀƭǳŜǎ ƎƛǾŜƴ ŦƻǊ t 

ŀƴŘ Ƙ ƛƴǘƻ ǘƘŜ 

ŦƻǊƳǳƭŀ ǘƻ 

ŎŀƭŎǳƭŀǘŜ ƪΦ 



 

7 y is directly proportional to x. 

 x = 27 when y = 9. 

 Find x when y = 3.7. 

8 m is proportional to the cube of n. 

 m = 54 when n = 3. 

 Find n when m = 250. 

  



 

Extend 

9 s is inversely proportional to t. 

 a Given that s = 2 when t = 2, find a formula for s in terms of t. 

 b Sketch the graph of the formula. 

 c Find t when s = 1. 

10 a is inversely proportional to b. 

a = 5 when b = 20. 

 a Find a when b = 50. 

 b Find b when a = 10. 

11 v is inversely proportional to w. 

w = 4 when v = 20. 

 a Find a formula for v in terms of w. 

 b Sketch the graph of the formula. 

 c Find w when v = 2. 

12 L is inversely proportional to W.  

L = 12 when W = 3. 

Find W when L = 6. 

13 s is inversely proportional to t. 

s = 6 when t = 12. 

 a Find s when t = 3. 

 b Find t when s = 18. 

14 y is inversely proportional to x2. 

y = 4 when x = 2. 

Find y when x = 4. 

15 y is inversely proportional to the square root of x. 

x = 25 when y = 1. 

Find x when y = 5. 

16 a is inversely proportional to b. 

a = 0.05 when b = 4. 

 a Find a when b = 2. 

 b Find b when a = 2. 

  



 

Answers 

1 £77 

2 a x = 7y b  

 

 

 c 91 d 9 

3 a Q = 3Z2 b  

 

 

 c 75 d ±10 

4 a y = 2.5x2 b  

 c ±6 

 

5 a 16 b 100 

6 300 

7 11.1 

8 5 

9 a 
4

s
t
=    b  

 c 4 

10 a 2 b 10 



 

11 a 
80

v
w
=  b  

 c 40 

12 6 

13 a 24 b 4 

14 1 

15 1 

16 a 0.1 b 0.1 

 

/ƛǊŎƭŜ ǘƘŜƻǊŜƳǎ 
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Key points 

¶ A chord is a straight line joining two points on the 

circumference of a circle. 

So AB is a chord. 

 

 

 

 

 

  

¶ A tangent is a straight line that touches the 

circumference of a circle at only one point. 

The angle between a tangent and the radius is 90°. 

 

 

 

 



 

 

 

 

 

¶ Two tangents on a circle that meet at a point 

outside the circle are equal in length. 

So AC = BC. 

 

 

 

 

 

 

¶ The angle in a semicircle is a right angle. 

So angle ABC = 90°. 

 

 

 

 

 

¶ When two angles are subtended by the same arc, the 

angle at the centre of a circle is twice the angle at the 

circumference. 

So angle AOB = 2 × angle ACB. 

 

¶ Angles subtended by the same arc at the 

circumference are equal. This means that angles in 

the same segment are equal.  

So angle ACB = angle ADB and  

angle CAD = angle CBD. 

 

 

 

 

¶ A cyclic quadrilateral is a quadrilateral with all four 

vertices on the circumference of a circle. 

Opposite angles in a cyclic quadrilateral total 180°. 

So x + y = 180° and p + q = 180°. 

 

 

 

 

¶ The angle between a tangent and chord is equal to 

the angle in the alternate segment, this is known as 

the alternate segment theorem. 

So angle BAT = angle ACB. 

 



 

 

 

 

Examples 

Example 1 Work out the size of each angle  

marked with a letter. 

Give reasons for your answers.  

 

 

 

Angle a = 360° − 92° 

  = 268°  

as the angles in a full turn total 360°. 

 

Angle b = 268° ÷ 2 

  = 134° 

as when two angles are subtended by the 

same arc, the angle at the centre of a 

circle is twice the angle at the 

circumference. 

1 The angles in a full turn total 360°. 

 

 

 

2 Angles a and b are subtended by  

the same arc, so angle b is half of 

angle a. 

 

 

Example 2 Work out the size of the angles in the triangle. 

  Give reasons for your answers. 

 

 

 

Angles are 90°, 2c and c. 

 

90° + 2c + c = 180° 

 90° + 3c = 180° 

 3c = 90° 

 c = 30° 

 2c = 60° 

 

The angles are 30°, 60° and 90° as the 

angle in a semi-circle is a right angle 

and the angles in a triangle total 180°. 

1 The angle in a semicircle is a right 

angle.  

2 Angles in a triangle total 180°. 

3 Simplify and solve the equation. 



 

 

Example 3 Work out the size of each angle marked with a letter. 

  Give reasons for your answers.  

 

 

 

Angle d = 55° as angles subtended by 

the same arc are equal. 

 

Angle e = 28° as angles subtended by 

the same arc are equal. 

1 Angles subtended by the same arc 

are equal so angle 55° and angle d 

are equal. 

2 Angles subtended by the same arc 

are equal so angle 28° and angle e 

are equal. 

 

Example 4 Work out the size of each angle marked with a letter. 

  Give reasons for your answers. 

 

 

 

 

Angle f = 180° − 94° 

 = 86°  

as opposite angles in a cyclic 

quadrilateral total 180°. 

 

 

1  Opposite angles in a cyclic 

quadrilateral total 180° so angle 94° 

and angle f total 180°. 

 

 

(continued on next page) 

Angle g = 180° − 86° 

  = 84°  

as angles on a straight line total 180°. 

 

Angle h = angle f = 86° as angles 

subtended by the same arc are equal. 

2 Angles on a straight line total 180° 

so angle f and angle g total 180°. 

 

 

3 Angles subtended by the same arc 

are equal so angle f and angle h are 

equal. 

 

Example 5 Work out the size of each angle marked with a letter. 

  Give reasons for your answers. 

 

 

 



 

 

 

Angle i = 53° because of the alternate 

segment theorem. 

 

Angle j = 53° because it is the alternate 

angle to 53°. 

 

Angle k = 180° − 53° − 53° 

 = 74°  

as angles in a triangle total 180°. 

1 The angle between a tangent and 

chord is equal to the angle in the 

alternate segment. 

2 As there are two parallel lines, angle 

53° is equal to angle j because they 

are alternate angles. 

3 The angles in a triangle total 180°, 

so i + j + k = 180°. 

 

Example 6 XZ and YZ are two tangents to a circle with centre O. 

  Prove that triangles XZO and YZO are congruent. 

 

 

 

 

Angle OXZ = 90° and angle OYZ = 90° 

as the angles in a semicircle are right 

angles. 

 

OZ is a common line and is the 

hypotenuse in both triangles. 

 

OX = OY as they are radii of the same 

circle. 

 

So triangles XZO and YZO are 

congruent, RHS. 

For two triangles to be congruent you 

need to show one of the following. 

¶ All three corresponding sides are 

equal (SSS). 

¶ Two corresponding sides and the 

included angle are equal (SAS). 

¶ One side and two corresponding 

angles are equal (ASA).  

¶ A right angle, hypotenuse and a 

shorter side are equal (RHS). 

  



 

Practice 

1 Work out the size of each angle marked with a letter. 

 Give reasons for your answers. 

 a   b    

 

 

 

 

 

 

 

 

 

  

 c   d 

 

 

 

 

 

 

 

 e   

 

 

 

 

 

 

 

 

н ²ƻǊƪ ƻǳǘ ǘƘŜ ǎƛȊŜ ƻŦ ŜŀŎƘ ŀƴƎƭŜ ƳŀǊƪŜŘ ǿƛǘƘ ŀ ƭŜǧŜǊΦ 

 DƛǾŜ ǊŜŀǎƻƴǎ ŦƻǊ ȅƻǳǊ ŀƴǎǿŜǊǎΦ 

 a   b 

A 



 

 

 

 

 

 

 

 

 c  

 

 

 

 

 

 

 d  

 

 

 

 

 

 

 

о ²ƻǊƪ ƻǳǘ ǘƘŜ ǎƛȊŜ ƻŦ ŜŀŎƘ ŀƴƎƭŜ ƳŀǊƪŜŘ ǿƛǘƘ ŀ ƭŜǧŜǊΦ 

 DƛǾŜ ǊŜŀǎƻƴǎ ŦƻǊ ȅƻǳǊ ŀƴǎǿŜǊǎΦ 

 a  b 

 

 

 

 

 

Iƛƴǘ 

¢ƘŜ ǊŜƅŜȄ ŀƴƎƭŜ ŀǘ Ǉƻƛƴǘ h 

ŀƴŘ ŀƴƎƭŜ Ǝ ŀǊŜ ǎǳōǘŜƴŘŜŘ ōȅ 

ǘƘŜ ǎŀƳŜ ŀǊŎΦ {ƻ ǘƘŜ ǊŜƅŜȄ 

ŀƴƎƭŜ ƛǎ ǘǿƛŎŜ ǘƘŜ ǎƛȊŜ ƻŦ ŀƴƎƭŜ 

ƎΦ 

 

Iƛƴǘ 

!ƴƎƭŜ муϲ ŀƴŘ ŀƴƎƭŜ Ƙ ŀǊŜ 

ǎǳōǘŜƴŘŜŘ ōȅ ǘƘŜ ǎŀƳŜ ŀǊŎΦ 

Iƛƴǘ 

hƴŜ ƻŦ ǘƘŜ ŀƴƎƭŜǎ 

ƛǎ ƛƴ ŀ ǎŜƳƛŎƛǊŎƭŜΦ 



 

 

 c  d  

 

 

 

 

 

  



 

4 Work out the size of each angle marked with a letter. 

 DƛǾŜ ǊŜŀǎƻƴǎ ŦƻǊ ȅƻǳǊ ŀƴǎǿŜǊǎΦ 

 a  

 

 

 

 

 

 

 

 b  c 

 

 

 

 

 

 

 

 d   

 

 

 

 

 

 

 

 

 

 

Extend 

р tǊƻǾŜ ǘƘŜ ŀƭǘŜǊƴŀǘŜ ǎŜƎƳŜƴǘ ǘƘŜƻǊŜƳΦ 

Iƛƴǘ 

!ƴ ŜȄǘŜǊƛƻǊ ŀƴƎƭŜ ƻŦ 

ŀ ŎȅŎƭƛŎ ǉǳŀŘǊƛƭŀǘŜǊŀƭ 

ƛǎ Ŝǉǳŀƭ ǘƻ ǘƘŜ 

ƻǇǇƻǎƛǘŜ ƛƴǘŜǊƛƻǊ 

ŀƴƎƭŜΦ 

Iƛƴǘ 

hƴŜ ƻŦ ǘƘŜ 

ŀƴƎƭŜǎ ƛǎ ƛƴ ŀ 

ǎŜƳƛŎƛǊŎƭŜΦ 



 

  



 

Answers 

1 a a = 112°, angle OAP = angle OBP = 90° and angles in a quadrilateral total 360°. 

 b b = 66°, triangle OAB is isosceles, Angle OAP = 90° as AP is tangent to the circle. 

 c c = 126°, triangle OAB is isosceles. 

  d = 63°, Angle OBP = 90° as BP is tangent to the circle. 

 d e = 44°, the triangle is isosceles, so angles e and angle OBA are equal. The angle OBP = 90°  

  as BP is tangent to the circle. 

  f = 92°, the triangle is isosceles. 

 e g = 62°, triangle ABP is isosceles as AP and BP are both tangents to the circle. 

  h = 28°, the angle OBP = 90°. 

2 a a = 130°, angles in a full turn total 360°. 

  b = 65°, the angle at the centre of a circle is twice the angle at the circumference. 

  c = 115°, opposite angles in a cyclic quadrilateral total 180°. 

 b d = 36°, isosceles triangle. 

  e = 108°, angles in a triangle total 180°. 

  f = 54°, angle in a semicircle is 90°. 

 c g = 127°, angles at a full turn total 360°, the angle at the centre of a circle is twice the angle  

  at the circumference. 

 d h = 36°, the angle at the centre of a circle is twice the angle at the circumference. 

3 a a = 25°, angles in the same segment are equal. 

  b = 45°, angles in the same segment are equal. 

 b c = 44°, angles in the same segment are equal. 

  d = 46°, the angle in a semicircle is 90° and the angles in a triangle total 180°. 

 c e = 48°, the angle at the centre of a circle is twice the angle at the circumference. 

  f = 48°, angles in the same segment are equal. 

 d g = 100°, angles at a full turn total 360°, the angle at the centre of a circle is twice the angle  

  at the circumference. 

  h = 100°, angles in the same segment are equal. 

4 a a = 75°, opposite angles in a cyclic quadrilateral total 180°. 

  b = 105°, angles on a straight line total 180°. 

  c = 94°, opposite angles in a cyclic quadrilateral total 180°. 

 b d = 92°, opposite angles in a cyclic quadrilateral total 180°. 

  e = 88°, angles on a straight line total 180°. 

  f = 92°, angles in the same segment are equal. 

 c h = 80°, alternate segment theorem. 

 d g = 35°, alternate segment theorem and the angle in a semicircle is 90°. 

 



 

 

 

 

5 Angle BAT = x. 

 Angle OAB = 90° − x because the angle between the 

tangent and the radius is 90°. 

 OA = OB because radii are equal. 

 Angle OAB = angle OBA because the base of 

isosceles triangles are equal. 

 Angle AOB = 180° − (90° − x) − (90° − x) = 2x 

because angles in a triangle total 180°. 

 Angle ACB = 2x ÷ 2 = x because the angle at the 

centre is twice the angle at the circumference. 

 

¢ǊƛƎƻƴƻƳŜǘǊȅ ƛƴ ǊƛƎƘǘπŀƴƎƭŜŘ ǘǊƛŀƴƎƭŜǎ 
 

 ! [9±9[ [LbY{ 

 {ŎƘŜƳŜ ƻŦ ǿƻǊƪΥ пŀΦ ¢ǊƛƎƻƴƻƳŜǘǊƛŎ Ǌŀǝƻǎ ŀƴŘ ƎǊŀǇƘǎ 
 

 

Key points 

¶ Lƴ ŀ ǊƛƎƘǘπŀƴƎƭŜŘ ǘǊƛŀƴƎƭŜΥ 

o ǘƘŜ ǎƛŘŜ ƻǇǇƻǎƛǘŜ ǘƘŜ ǊƛƎƘǘ ŀƴƎƭŜ ƛǎ ŎŀƭƭŜŘ ǘƘŜ ƘȅǇƻǘŜƴǳǎŜ 

o ǘƘŜ ǎƛŘŜ ƻǇǇƻǎƛǘŜ ǘƘŜ ŀƴƎƭŜ  ̒ƛǎ ŎŀƭƭŜŘ ǘƘŜ ƻǇǇƻǎƛǘŜ 

o ǘƘŜ ǎƛŘŜ ƴŜȄǘ ǘƻ ǘƘŜ ŀƴƎƭŜ  ̒ƛǎ ŎŀƭƭŜŘ ǘƘŜ ŀŘƧŀŎŜƴǘΦ  

 

¶ Lƴ ŀ ǊƛƎƘǘπŀƴƎƭŜŘ ǘǊƛŀƴƎƭŜΥ 

o ǘƘŜ Ǌŀǝƻ ƻŦ ǘƘŜ ƻǇǇƻǎƛǘŜ ǎƛŘŜ ǘƻ ǘƘŜ ƘȅǇƻǘŜƴǳǎŜ ƛǎ ǘƘŜ ǎƛƴŜ ƻŦ ŀƴƎƭŜ Σ̒ 
opp

sin
hyp

q=  

o ǘƘŜ Ǌŀǝƻ ƻŦ ǘƘŜ ŀŘƧŀŎŜƴǘ ǎƛŘŜ ǘƻ ǘƘŜ ƘȅǇƻǘŜƴǳǎŜ ƛǎ ǘƘŜ ŎƻǎƛƴŜ ƻŦ ŀƴƎƭŜ Σ̒ 
adj

cos
hyp

q=  



 

o ǘƘŜ Ǌŀǝƻ ƻŦ ǘƘŜ ƻǇǇƻǎƛǘŜ ǎƛŘŜ ǘƻ ǘƘŜ ŀŘƧŀŎŜƴǘ ǎƛŘŜ ƛǎ ǘƘŜ ǘŀƴƎŜƴǘ ƻŦ ŀƴƎƭŜ Σ̒ 

opp
tan

adj
q=  

 

¶ LŦ ǘƘŜ ƭŜƴƎǘƘǎ ƻŦ ǘǿƻ ǎƛŘŜǎ ƻŦ ŀ ǊƛƎƘǘπŀƴƎƭŜŘ ǘǊƛŀƴƎƭŜ ŀǊŜ ƎƛǾŜƴΣ ȅƻǳ Ŏŀƴ ŬƴŘ ŀ ƳƛǎǎƛƴƎ 

ŀƴƎƭŜ ǳǎƛƴƎ ǘƘŜ ƛƴǾŜǊǎŜ ǘǊƛƎƻƴƻƳŜǘǊƛŎ ŦǳƴŎǝƻƴǎΥ ǎƛƴҍмΣ ŎƻǎҍмΣ ǘŀƴҍмΦ 

 

¶ ¢ƘŜ ǎƛƴŜΣ ŎƻǎƛƴŜ ŀƴŘ ǘŀƴƎŜƴǘ ƻŦ ǎƻƳŜ ŀƴƎƭŜǎ Ƴŀȅ ōŜ ǿǊƛǧŜƴ ŜȄŀŎǘƭȅΦ 

 

 0 30° 45° 60° 90° 

sin 0 1
2

 2
2

 3
2

 1 

cos 1 3
2

 2
2

 1
2

 0 

tan 0 3
3

 1 3   

 

  



 

Examples 

Example 1 Calculate the length of side x. 

  Give your answer correct to 3 significant figures. 

 

 

 
adj

cos
hyp

q=  

 

6
cos 25

x
¯= 

6

cos 25
x=

¯
 

x = 6.620 267 5... 

 

x = 6.62 cm 

1 Always start by labelling the sides. 

 

 

 

 

2 You are given the adjacent and the 

hypotenuse so use the cosine ratio. 

 

3 Substitute the sides and angle into 

the cosine ratio. 

4 Rearrange to make x the subject. 

 

5 Use your calculator to work out  

6 ÷ cos 25°. 

6 Round your answer to 3 significant 

figures and write the units in your 

answer. 

 

Example 2 Calculate the size of angle x. 

 Give your answer correct to 3 significant figures.  

 

 



 

 
opp

tan
adj

q=  

3
tan

4.5
x=  

x = tan–1  3

4.5

å õ
æ ö
ç ÷

 

x = 33.690 067 5... 

 

x = 33.7° 

1 Always start by labelling the sides. 

 

 

 

 

 

2 You are given the opposite and the 

adjacent so use the tangent ratio. 

3 Substitute the sides and angle into 

the tangent ratio. 

4 Use tan−1 to find the angle. 

5 Use your calculator to work out  

tan–1(3 ÷ 4.5). 

6 Round your answer to 3 significant 

figures and write the units in your 

answer. 

 

Example 3 Calculate the exact size of angle x.  

 

 

 

 
opp

tan
adj

q=  

3
tan

3
x=  

 

x = 30° 

1 Always start by labelling the sides. 

 

 

 

 

 

2 You are given the opposite and the 

adjacent so use the tangent ratio. 

 

3 Substitute the sides and angle into 

the tangent ratio. 

4 Use the table from the key points to 

find the angle. 

Practice 

1 Calculate the length of the unknown side in each triangle. 

 Give your answers correct to 3 significant figures. 

 a    b 

 

 



 

 

 

 

 c    d 

 

 

 

 

 

 e    f 

 

 

 

 

 

  



 

2 Calculate the size of angle x in each triangle. 

 Give your answers correct to 1 decimal place. 

 a    b 

 

 

 

 

 

 c    d 

 

 

 

3 Work out the height of the isosceles triangle. 

 Give your answer correct to 3 significant figures. 

 

 

 

 

4 Calculate the size of angle ɗ. 

 Give your answer correct to 1 decimal place. 

 

 

 

5 Find the exact value of x in each triangle. 

 a    b 

 

 

 

 

 

 c    d 

  

IƛƴǘΥ 

{Ǉƭƛǘ ǘƘŜ ǘǊƛŀƴƎƭŜ ƛƴǘƻ 

ǘǿƻ ǊƛƎƘǘπŀƴƎƭŜŘ 

ǘǊƛŀƴƎƭŜǎΦ 

IƛƴǘΥ 

CƛǊǎǘ ǿƻǊƪ ƻǳǘ ǘƘŜ ƭŜƴƎǘƘ ƻŦ ǘƘŜ 

ŎƻƳƳƻƴ ǎƛŘŜ ǘƻ ōƻǘƘ ǘǊƛŀƴƎƭŜǎΣ 

ƭŜŀǾƛƴƎ ȅƻǳǊ ŀƴǎǿŜǊ ƛƴ ǎǳǊŘ 

ŦƻǊƳΦ 



 

 

  



 

¢ƘŜ ŎƻǎƛƴŜ ǊǳƭŜ 
 

 ! [9±9[ [LbY{ 

 {ŎƘŜƳŜ ƻŦ ǿƻǊƪΥ пŀΦ ¢ǊƛƎƻƴƻƳŜǘǊƛŎ Ǌŀǝƻǎ ŀƴŘ ƎǊŀǇƘǎ 
 ¢ŜȄǘōƻƻƪΥ tǳǊŜ ¸ŜŀǊ мΣ фΦм ¢ƘŜ ŎƻǎƛƴŜ ǊǳƭŜ 
 

Key points 

¶ ŀ ƛǎ ǘƘŜ ǎƛŘŜ ƻǇǇƻǎƛǘŜ ŀƴƎƭŜ !Φ 

ō ƛǎ ǘƘŜ ǎƛŘŜ ƻǇǇƻǎƛǘŜ ŀƴƎƭŜ .Φ 

Ŏ ƛǎ ǘƘŜ ǎƛŘŜ ƻǇǇƻǎƛǘŜ ŀƴƎƭŜ /Φ 

 

 

 

¶ ¸ƻǳ Ŏŀƴ ǳǎŜ ǘƘŜ ŎƻǎƛƴŜ ǊǳƭŜ ǘƻ ŬƴŘ ǘƘŜ ƭŜƴƎǘƘ ƻŦ ŀ ǎƛŘŜ ǿƘŜƴ ǘǿƻ ǎƛŘŜǎ ŀƴŘ ǘƘŜ 

ƛƴŎƭǳŘŜŘ ŀƴƎƭŜ ŀǊŜ ƎƛǾŜƴΦ 

¶ ¢ƻ ŎŀƭŎǳƭŀǘŜ ŀƴ ǳƴƪƴƻǿƴ ǎƛŘŜ ǳǎŜ ǘƘŜ ŦƻǊƳǳƭŀ 2 2 2 2 cosa b c bc A= + - Φ 

 

¶ !ƭǘŜǊƴŀǝǾŜƭȅΣ ȅƻǳ Ŏŀƴ ǳǎŜ ǘƘŜ ŎƻǎƛƴŜ ǊǳƭŜ ǘƻ ŬƴŘ ŀƴ ǳƴƪƴƻǿƴ ŀƴƎƭŜ ƛŦ ǘƘŜ ƭŜƴƎǘƘǎ ƻŦ ŀƭƭ 

ǘƘǊŜŜ ǎƛŘŜǎ ŀǊŜ ƎƛǾŜƴΦ 

¶ ¢ƻ ŎŀƭŎǳƭŀǘŜ ŀƴ ǳƴƪƴƻǿƴ ŀƴƎƭŜ ǳǎŜ ǘƘŜ ŦƻǊƳǳƭŀ 
2 2 2

cos
2

b c a
A

bc

+ -
= Φ 

Examples 

Example 4 Work out the length of side w. 

  Give your answer correct to 3 significant figures. 

 

 

 



 

 

2 2 2 2 cosa b c bc A= + -  

 
2 2 28 7 2 8 7 cos45w = + - ³ ³ ³ ¯ 

 

w2 = 33.804 040 51... 

w = 33.80404051  

w = 5.81 cm 

1 Always start by labelling the angles 

and sides. 

 

 

 

 

 

2 Write the cosine rule to find the 

side. 

3 Substitute the values a, b and A into 

the formula. 

4 Use a calculator to find w2 and  

then w. 

5 Round your final answer to 3 

significant figures and write the 

units in your answer. 

Example 5 Work out the size of angle ɗ. 

 Give your answer correct to 1 decimal place.  

 

 

 

 
2 2 2

cos
2

b c a
A

bc

+ -
=  

2 2 210 7 15
cos

2 10 7
q

+ -
=

³ ³
 

76
cos

140
q
-
=  

ɗ = 122.878 349... 

 

ɗ = 122.9° 

1 Always start by labelling the angles 

and sides. 

 

 

 

 

2 Write the cosine rule to find the 

angle. 

3 Substitute the values a, b and c into 

the formula. 

4 Use cos−1 to find the angle. 

5 Use your calculator to work out  

cos–1(–76 ÷ 140). 

6 Round your answer to 1 decimal 

place and write the units in your 

answer. 

 

Practice 



 

6 Work out the length of the unknown side in each triangle. 

 Give your answers correct to 3 significant figures. 

 a    b  

 

 

 

 

 

 

 c    d 

 

  



 

7 Calculate the angles labelled ɗ in each triangle. 

 Give your answer correct to 1 decimal place. 

 a    b 

 

 

 

 

 

 

 c    d 

 

 

 

 

 

8 a Work out the length of WY. 

  Give your answer correct to  

  3 significant figures. 

 b Work out the size of angle WXY. 

  Give your answer correct to  

  1 decimal place. 

  



 

¢ƘŜ ǎƛƴŜ ǊǳƭŜ 
 

 ! [9±9[ [LbY{ 

 {ŎƘŜƳŜ ƻŦ ǿƻǊƪΥ пŀΦ ¢ǊƛƎƻƴƻƳŜǘǊƛŎ Ǌŀǝƻǎ ŀƴŘ ƎǊŀǇƘǎ 
 ¢ŜȄǘōƻƻƪΥ tǳǊŜ ¸ŜŀǊ мΣ фΦн ¢ƘŜ ǎƛƴŜ ǊǳƭŜ 
 

Key points 

¶ ŀ ƛǎ ǘƘŜ ǎƛŘŜ ƻǇǇƻǎƛǘŜ ŀƴƎƭŜ !Φ 

ō ƛǎ ǘƘŜ ǎƛŘŜ ƻǇǇƻǎƛǘŜ ŀƴƎƭŜ .Φ 

Ŏ ƛǎ ǘƘŜ ǎƛŘŜ ƻǇǇƻǎƛǘŜ ŀƴƎƭŜ /Φ 

 

 

¶ ¸ƻǳ Ŏŀƴ ǳǎŜ ǘƘŜ ǎƛƴŜ ǊǳƭŜ ǘƻ ŬƴŘ ǘƘŜ ƭŜƴƎǘƘ ƻŦ ŀ ǎƛŘŜ ǿƘŜƴ ƛǘǎ ƻǇǇƻǎƛǘŜ ŀƴƎƭŜ ŀƴŘ 

ŀƴƻǘƘŜǊ ƻǇǇƻǎƛǘŜ ǎƛŘŜ ŀƴŘ ŀƴƎƭŜ ŀǊŜ ƎƛǾŜƴΦ 

¶ ¢ƻ ŎŀƭŎǳƭŀǘŜ ŀƴ ǳƴƪƴƻǿƴ ǎƛŘŜ ǳǎŜ ǘƘŜ ŦƻǊƳǳƭŀ 
sin sin sin

a b c

A B C
= = Φ 

¶ !ƭǘŜǊƴŀǝǾŜƭȅΣ ȅƻǳ Ŏŀƴ ǳǎŜ ǘƘŜ ǎƛƴŜ ǊǳƭŜ ǘƻ ŬƴŘ ŀƴ ǳƴƪƴƻǿƴ ŀƴƎƭŜ ƛŦ ǘƘŜ ƻǇǇƻǎƛǘŜ ǎƛŘŜ ŀƴŘ 

ŀƴƻǘƘŜǊ ƻǇǇƻǎƛǘŜ ǎƛŘŜ ŀƴŘ ŀƴƎƭŜ ŀǊŜ ƎƛǾŜƴΦ 

¶ ¢ƻ ŎŀƭŎǳƭŀǘŜ ŀƴ ǳƴƪƴƻǿƴ ŀƴƎƭŜ ǳǎŜ ǘƘŜ ŦƻǊƳǳƭŀ sin sin sinA B C

a b c
= = Φ  

Examples 

Example 6 Work out the length of side x. 

  Give your answer correct to 3 significant figures. 

 

 

 



 

 

sin sin

a b

A B
=  

10

sin36 sin75

x
=
¯ ¯

 

10 sin36

sin75
x

³ ¯
=

¯
 

x = 6.09 cm 

1 Always start by labelling the angles 

and sides. 

 

 

 

 

 

 

2 Write the sine rule to find the side. 

 

3 Substitute the values a, b, A and B 

into the formula. 

 

4 Rearrange to make x the subject. 

5 Round your answer to 3 significant 

figures and write the units in your 

answer. 

Example 7 Work out the size of angle ɗ. 

 Give your answer correct to 1 decimal place. 

 

 

 
sin sinA B

a b
=  

sin sin127

8 14

q ¯
=  

8 sin127
sin

14
q

³ ¯
=  

ɗ = 27.2° 

1 Always start by labelling the angles 

and sides. 

 

 

 

2 Write the sine rule to find the angle. 

 

3 Substitute the values a, b, A and B 

into the formula. 

4 Rearrange to make sin ɗ the subject. 

5 Use sin−1 to find the angle. Round 

your answer to 1 decimal place and 

write the units in your answer. 

Practice 

9 Find the length of the unknown side in each triangle. 

 Give your answers correct to 3 significant figures. 

 

 a    b 

 



 

 

 

 

 

 

 

 c    d 

 

 

 

 

  

  



 

10 Calculate the angles labelled ɗ in each triangle. 

 Give your answer correct to 1 decimal place. 

 

 a    b 

 

 

 

 

 

 

 

 

 

 

 c    d 

 

 

 

 

 

 

11 a Work out the length of QS. 

  Give your answer correct to 3 significant figures. 

 b Work out the size of angle RQS. 

  Give your answer correct to 1 decimal place. 

  



 

!ǊŜŀǎ ƻŦ ǘǊƛŀƴƎƭŜǎ 
 

 ! [9±9[ [LbY{ 

 {ŎƘŜƳŜ ƻŦ ǿƻǊƪΥ пŀΦ ¢ǊƛƎƻƴƻƳŜǘǊƛŎ Ǌŀǝƻǎ ŀƴŘ ƎǊŀǇƘǎ 
 ¢ŜȄǘōƻƻƪΥ tǳǊŜ ¸ŜŀǊ мΣ фΦо !ǊŜŀǎ ƻŦ ǘǊƛŀƴƎƭŜǎ 
 

Key points 

¶ ŀ ƛǎ ǘƘŜ ǎƛŘŜ ƻǇǇƻǎƛǘŜ ŀƴƎƭŜ !Φ 

ō ƛǎ ǘƘŜ ǎƛŘŜ ƻǇǇƻǎƛǘŜ ŀƴƎƭŜ .Φ 

Ŏ ƛǎ ǘƘŜ ǎƛŘŜ ƻǇǇƻǎƛǘŜ ŀƴƎƭŜ /Φ 

¶ ¢ƘŜ ŀǊŜŀ ƻŦ ǘƘŜ ǘǊƛŀƴƎƭŜ ƛǎ 
1

sin
2

ab CΦ 

 

Examples 

Example 8 Find the area of the triangle.  

 

 

 

 

 



 

 

Area = 
1

sin
2

ab C 

Area = 
1

8 5 sin82
2
³ ³ ³ ¯ 

 

Area = 19.805 361... 

 

Area = 19.8 cm2 

1 Always start by labelling the sides 

and angles of the triangle. 

 

 

 

 

 

 

 

2 State the formula for the area of a 

triangle. 

3 Substitute the values of a, b and C 

into the formula for the area of a 

triangle. 

4 Use a calculator to find the area. 

 

5 Round your answer to 3 significant 

figures and write the units in your 

answer. 

  



 

Practice 

12 Work out the area of each triangle. 

 Give your answers correct to 3 significant figures. 

 a   b 

 

 

 

 

 c   

 

 

 

 

  

  

13 The area of triangle XYZ is 13.3 cm2. 

 Work out the length of XZ. 

 

 

 

 

Extend 

14 Find the size of each lettered angle or side. 

 Give your answers correct to 3 significant figures.  

 a  b 

IƛƴǘΥ 

wŜŀǊǊŀƴƎŜ ǘƘŜ ŦƻǊƳǳƭŀ ǘƻ ƳŀƪŜ ŀ ǎƛŘŜ ǘƘŜ 

ǎǳōƧŜŎǘΦ 

IƛƴǘΥ 

CƻǊ ŜŀŎƘ ƻƴŜΣ ŘŜŎƛŘŜ 

ǿƘŜǘƘŜǊ ǘƻ ǳǎŜ ǘƘŜ ŎƻǎƛƴŜ 

ƻǊ ǎƛƴŜ ǊǳƭŜΦ 

 



 

 

 

 c  d 

 

 

 

15 The area of triangle ABC is 86.7 cm2. 

 Work out the length of BC. 

 Give your answer correct to 3 significant figures. 

  



 

Answers 

1 a 6.49 cm b 6.93 cm c 2.80 cm  

 d 74.3 mm e 7.39 cm f 6.07 cm 

2 a 36.9° b 57.1° c 47.0° d 38.7° 

3 5.71 cm 

4 20.4° 

5 a 45° b 1 cm c 30° d 3  cm 

6 a 6.46 cm b 9.26 cm c 70.8 mm d 9.70 cm 

7 a 22.2° b 52.9° c 122.9° d 93.6° 

8 a 13.7 cm b 76.0° 

9 a 4.33 cm b 15.0 cm c 45.2 mm d 6.39 cm 

10 a 42.8° b 52.8° c 53.6° d 28.2° 

11 a 8.13 cm b 32.3° 

12 a 18.1 cm2 b 18.7 cm2 c 693 mm2 

13 5.10 cm 

14 a 6.29 cm b 84.3° c 5.73 cm d 58.8° 

15 15.3 cm 

 

 


